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PREFACE 



A Key, to a mathematical work, is very proper in 
its place ; but to be constantly at hand, and consulted 
too often, might prove injurious : we must not, how- 
ever, confound the improper use of a thing with the 
thing itself. Those who condemn keys, in general 
terms, should condemn teachers also ; for a key is 
neither more nor less than a teacher, in another shape. 

The self-taught are generally sound and vigorous ; 
but if they disregard the works and teachings of others, 
they will be found to be wanting in that certain sym- 
metry and polish of mind, so characteristic of educated 
men. 

So it is with an algebraist ; he may go %rough his 
text-books, solve every problem, independent of all 
external aid, and if he does not compare his work 
with the works of others, he cannot know whether he 
is skillful or otherwise ; for it is only by comparison 
that we measure excellence. No solution of a prob- 
lem, or of an equation, should be called good, if better 
can be found; hence it is important that more than 
one standard of attainment should be before the pupil ; 
and those who really become eminent, in any science, 
are those whose talents and dispositions enable them 
to gather knowledge fi5)m eyeigrnossible source. 



PRBFACE TO RBTI9BB BDITIOH. 



In 1857 thcj author and publisher thought it adrisable 
to enlarge the Uhiversitjr Algebra \>j 8om6 twenty-fout 
pages, and some more than twenty additional examples. 

Solutions of these are inserted subsequent to page 78; 
Also^ ilolUtiAid 6f several oth^r probteitis are inserted, 
which were omitted in the former editions of this work. 
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SECTION II. 

JCHAPTPBI. 

EQUATIONS. 

None of the quettions in this chapter require the aid of 
a key, until we come to the 15th, page 65. 

(16.) /4a?— 4a \4 16a?— 16a 4a 



(4a?— 4a \4 



sss hit 



"- (^^?^^^x«^ 



9 9 

stock at the commencement of the third year, before hia ex* 
pensea are taken out 

/16aj^ 16a 4a, \4 

Keduce4 gim «=l*8p0, ^nff. 
(16.) Put ^^99f a?=time past. Then ae-o?— lime to 
eome, and per qujBstion, 

2ar 4a— 4a? 

Y= — g-T- . . • ,f t f . 9m^* 

(If.) Let a?=s the whole composition, 
Thes per question, 
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— f-10=nitre. 
3 

f 

X 

4i=ssulphur. 

2a? 10 , , 

h— 3=charcoal. 

21 7 

2x X 2x 10 

By addition, — +-H hSJH — =a? 

^ 3 6 21 7 

Multiply by 6, and drop 6x from bolb sides, and we have 

4ic .60 

— 4-21H — «=ar 
7 7 

or, 4a?+21-7+60=7a? . . . .a?s»69. 



(18.) Puta=183; a?=what the 1st received; then 

a j > j= 2d received. 

4a? 3a — 3a? 

Per question, — =s 2?=s63. 

7 10 

(19.) Put a=:68, a?= the greater part, and a— d;ss the 
less. 84 — a?=3(40 — a+x) i 2?^42. 

(20.) The distance from A to B put =s2a?. 

The distance from C to D ** =3a?. . 

Then, 3 times the distance from B to C must be 

X Sx , ,. . a? , « 

— or the distance IS, — — 

2 2 . 6 '2 

X X 

Hence the whole distance is, 5x4 — | — ==34. 

6 2 

(21.) Let a?=the flock. 

2a? 
The first party left him 0, 

X 

The second left 3—10=!?. 



EQUATIONS. f 

(23.) Observe Uiat for every vessel he broke he lost 12 
cents ; 3 cents fee and 9 cents forfeiture. 

300— 12a?=240 . . . ^ a?=6. . 

(24.) Had he not been idle he would have been enticed 
to ab cents. But he was idle ar days at a loss of (b+c) 
cents. Hence, ab — (6-*-c)a:=d. 

ab—d 

a?= — 

b+e 

(25.) Put 5x= less part 

Then a — 5a;= the greater part. 

3 

Per question, a — ^7ar=20x (a — 5x) 

7a — i9x=H0x — 3a4- 1 to 
or, 204ar=10a=10-204 
or, . a?=10 
Therefore, 5a?=s50= the less part. 

(26.) Let 8x=sthe price of the horse. 

Then a — 8^= chaise. as341. 

6 
Per question, 2o — 16* — 3ar=24ar — (a — Bx) 

5 
or, 2a=43a?' — (a — 8a?) 

14a=301x— 5a+40ar 
I9a^34lx or, x=19 

8a:=152 ^n$. 
(28.) Let 6x= his money. 
After he first lost and won 48., he had 4x+4 
He again lost and won, and then had 8a?+3+3. 
. I of this most equal 20, or, dx+Q^24. 

a?=6 
{^x»30 Jim. 



(39.) Let Bx= 
Then 2ar= 



KEY 70 ALOmu. 

= the income. 

s the family support* 

2x 9 
— =-=70. Hence, • 

3 a 



. 3«=701l. 



9O9 91» d2» and 33 inquire iio expUnUi^o. 
(35.) Last year the vent was x doWwKi, 

This year it is x \ ^ =1890 
100 

(80.) is the (35) in general terms. 

(37.) Let 7a?= the income. 

Then a?= A's annual debt 

— = what B sares. 



In general terms, 
7a? 



t?:^16 



a 
'2 



or 



(38.) 



X X 2x 

8 4^7 



xssiO. 
7:rai3980t wfns. 



_5a 
x^— 

7ar= 



:i(3fi#). 



(39.) Let 10x= the income. 

Then 2«+100=Ae sum spent. 

lSx+ 35;s; «« sum left. 

7a?+.135=10ar the whole 

or 45=a? 450 ^ns 

(40.) Let 2 U= the income. 

Then 3a?-|-a5«= the sum spent. 
7a?+6= * * sum left. 
10iB+a4-6^21ar«: ihe whole. 



(41.) 2x+4 : aiMr4 : c .6 



(42.) Let of — ^Yn: die number. 
Then, per conditioiis, a?— 1 «^af— 7 

or^ x=4 and 

(43.) A's rate of travel is J miles per hour. 

B's mte of travel is | miles per hour^ 

A is in advance when B sets out, y niule«. 

Let x^ the hoijurs after B starts. 

6x' tgc M 
Then, — «= — +r— Reduced gives ^ . . • . :r«s42. 
8 5 5 

CHAPTER IL 
EQUATIONS IN TWO UNKNOWN QUANTniES. 

(6.) Add the two equatious togejther, representing (a?+y) 

by «9 and w^e have J«+3«=50 or «=6*3. 

But a?+9y=2l-3 

Subtract ar+ y= 5-3 

8^=;?16-3 or, y =^6« 

(7.) By adding the two equatioos we \^^ 

or, a:+y=10 

ha^ 4x+y=34 

UeQee, 3^ o=jJ4 or, • • • ^ • • • 9^%, 
(9) and (10) are tesolv^ same as {fi) notd (7)» 
(11.) From the first equation we have 

y»2r— 80. 
Transpose —8 in the secoad eqoatioa ^nd we bav# 

S ' 8 4 
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Multiply, by 60 and w« have 

12x+12y+20x=30y— 15a:+35-60 
or 47x=18y4-35-60 
Substitating the ralue of 18y, we have 
47a?«36a?— 18-80+35-60 
or llx=— 240-6+350-6=:110-6 
Hencei • x=60. 

(14.) Bringing unknown terms to the first members of the 
equation and we have 

4 4_ 4 2_3 

. a? y y a: 2 

«... 2 1 

By addition, -=- or ;rs=4« 

X 2 

(15.) Put a=50. 

Then, x+3a : y — a : : 3 : 2 

And X — a : y+2a : : 5 : 9 

2x+6a=3y— 3a (1) 

9a>— 9a=5y+10a (2) 

Multiply (I) by 5, and (2) by 3 ; then, 

10a:+30a^l6y— I5a (3) 

27a?— 27a=15y+30a (4) 

Subtract (3) from (4) and 

17a>— 57a=45a 

17a?=102a 

a:=6a=^5*50=300. 

{16.) Divide the numerator of the second member of 
the first equation by its denominator, and we have 

— 11a?— 14y+127y 

Hence, Ilaj4-14y=l27 (1) . 

Multiply the second equation by (3y— 4) and we shall 
have 



EQUATIONS. 11 

(151— 16a?) (3y— 4) ,■ 

^ 4y— 1 

(151— 16a?)(3y— 4) 

or, 110— 12a:=i ^^ - 

4y — 1 

440y-l48ay— 1 104-12a;=453y— 48a:y— 604+64x 
0=13y+52a>— 494 
or, 4a?4-y=38 (2) 

Add (1) and (2), and we have 

15(x+y)=165 
or, a?+y=ll (3) 

(3) from (2) gives 3a?=27 • • x=9. 

(17.) Multiply the 1st equation by 14 and we have 
42a:— 7y=49 
. Add _jr+7y=33 



(18.) 



41a: =82 or, «=3. 

2 

5 



2 3 ^ 

Subtract . S^+i" 

10y4-9y=19'15 y=16. 

(19.) Divide 2d by the 1st, and a>— y =2 
But a?+y=8. 

(20.) Multiply the first equation by {x+y), and the sec- 
ond by 9, and we have 

4(a;+y)2=9(^-y») 9(a;^-^=9-36 
- 4(a;+y)*=9-36 
Hence, x+y=9 
Divide the 1st equation by tliis last, and we have 

«-^-4. 



i» KEY TO AUIBSHA. 

3 27 

27 ^ 

37y«=37-27. t », . ..yT=8. 

(22) and (23) recjiui^ no remark 
(24.) Tb^ first equation givea 

x+24yrr^ Ql (1) 

Add 40ar+ y==7fi? (2) 

Multiply {i) by 40, and suib^act (equation (2), and 

95^3=2877 9r, . f ..♦•.,•• f r • f • y^B* 
(26.) From Ist ^(jLuatiqn lake t^e 2d, an^ w^ J^vja 

?Jar+j5y=60. 
Divide by 21 and w^ have a:4-2y=24 

But ia?+2y«19 ^ ^ 

ix =5 or, Xf9ffii. 
(26.) Add the two equationa, and 

8 8 

or, — I — h20=s« . , «=sl20. 

2 3 

By 2d equation, f (^^^) — ^'^^V^^^f 4^' 

CHApTOR in. 

' EQUATIONS OF THREE OR MOBE UNKNOWN QUANTITIEa 



> to find u, X, y and z. 



(^ t4s^a!T-14 
Subtract 2d from the 1st, and 

2a>— 3y=y— a? or Hx^s^y (1) 
Sabtiaol 2d from the 8d, an4 

4r— 8y»y— 2r or 5z«B4y (2) 



Add 3d and 4th and 4jft= JaH=^14 
Multiply (3) by 6 and (2) by 4 ^iid 

202=:iaa?Hh 5y— 70 
202== 16y 



W 



W 



or 



But« equation (I) 



0==IOa:— llj/— to 
30ar— 3%=i=2l0 
80a?-^0y== 



iy 
y 


=210 
s 80 


r^H-1 


=«+& 


H+r« 


6 

>ssro 


N+rH 


=a^ 



(8.) 



To avoid numeral multiplication, and really, to under- 
stand algebra as applied here, observe that 624-38=100. 
Put a=:60; then 62=ra+12=«+6. 
Clearing of fractions, we have 

6a?+ 4y+ 3;r=12a+126 (1) 

20a?+ 15y + 12;? =60^-^1 66 (2) 

16ar+12y-i-10;2:=60a-.606 (3) 
Multiply (1) by 4 , and subtaraot (^)i 

Then, 4it+y=6ad— I2tf (4) 

Subtract (3) from (2,) and 

5ar+3y+22:=: 456 



i5x+%+6z=l356 
Subtract 12ar+8y+6z= 2464-24a 



(S) 



3aj+ y =1116— i4a 
Subtract (5) from (4), arid we have 
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Thatia, a?=»24 or 26. 
Now, eqitation (4) gives us 

86+y==636— ^a 

y=(65—a)6=6- 12=60. 

(9.) By adding the three equations and reducing, we hare 

4x+3y+2z^da (1) 

By adding the 2d and 3d, reducing and doubling, we 
have ^ 10a;+4y+2;r=4a (2) 

Subtracting (1) from (2), and we have 

6a:+y=a (3) 

Adding the 1st and 3d, and reducing, wo have 

ir+2y=a (4) 

From (3) and (4) we readily find x and y. 

-2x +y —2z =40 (1) 

4y _a: +2z =35 (2) 

(10.) J 3m +/ =13 (3) 

y +u +^=15 (4) 

Ja?— y+3f— w=49 (5) 

It is easier to eliminate t than any other letter. 
Subtract (3) from (4), and we have 

y_2w=2 (6) 

Three times (3) taken from (5), gives 

3x— y— 10m=10 (7) 

Add (6) and (7) and divide the sum by 3, and 

x—4u=4 (8) 

Double (6), and subtract it from (8,) and we have 

a?=2y (9) 

Eliromate z from equations (1) and (2), and we have 

4x+lly=190 
But4a:«=8y. Then 19^190, or y=10. 
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FROBtEMS PRODUCING SIMPLE EQUATIONS, INVOLVING TWO 
OR MORE UNKNOWN QUANmiES. 



(1.) Let a?, y, and z represent the numbers. 

a3P=600 . (1) 

a?;2r=300 ' (2) 

yz==200 (8) 
Multiply (1) and (2), and djvide the product by equation 
3, and we have «*=900 a:=30. 

. (9«) Let Xj y, and z represent the numbers. Then, per 
question 

^+1+^=120 (1) 

y+^= 70 (2) 

ar+y+z=190 (3) 

Double (1) and subtract (3), gives ar=50. 

This problem calls the pupil's judgment into exercise. 
He does not know in the first place which is greatest, x or 
z ; hence he must try both suppositions, and the one that 
verifies equation (2) is right. 

(8.) Let x,y, and z represent the shares, and put a=120 

y--Ux-\'z)^=^ 
ar— |(a:+y)=a 
Clearing of fractions, we' have 

7aj-.4y— 42=7a (1) 

— 3a7+8y— 3z=8a (2) 

. . — 2a>7^2y+9;?:==9a . (3) 

Double (I) and to the product add (2,) and we have 
11a?— ll;2;=22a 

r=: 2a (4) 
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Double (3), and to the.product add (1)» and we have 

—0?+ 2ar= a (6) 
Add (4) and (5), and we hare z^ssSosmBQf^ 

(4.) Resolved k the beok* . 

i 

Let Xf j/f ti, sdid z represent their agee, and $ their sum. 

i — UsszlQ 

8 — y=l4 

By addition, Ss =00 • • f=20. 

(ft*) Let 47=A^s shillings. 

y=B's " 
z=C*s •• 
After the first game they will have as here represented: 
a>— y — z—A 
2y =B 

Anef fh« seeodd gkbae, 

2*— &y— 24r=A 
3y— a?— 5r=:B 

4t aiC 

After the third game 

4x — ly.^-4je:s=x 16 (1) 

6y— 2»— 2i:=x 16 (2) 

. 7z — X — yai= 16 (8) 

Sum, x+ y+ z=d*i0 (4) 

Add (3) and (4) and we have 

Sz==4 16 k »««»«.. n z=S. 

(<!•) This problem is i^scilv^ tn A^ book, by equation 
7, Art* 63. 



(V*) Let X represent the better KerM, end ;y ^ poeter. 
at+15= f(y+10) 

Therefore. |(y+10)=H(y+15)+5 

Reduced gives y^sSO. 

(§•) Let ar= the price of the sherry. 

y= brandy. 

Put a«OT. 

2x+ y— 3a 

7a:+3y=«a+9 

(O.) Let a?=A*s time. y=sB'fl time. 
Then, -asihe ptrt &at A eaa do in one day* 

1 

And -sBthe perl that B can do in one day. 

4 4^ 4^ 1 

M 3 ^ 

— =- Henee V""48. 

y ^ ^ 

(10.) ^^ «+« 3 

y+7 3 'l^'^i 

(It.) Let »« the greater, and (24-^)» laee. 
a; 24 — X 

24-^x « 

aj* : (24— ar)* ♦: : 4 : 1 
By o^rdtttiofik 2 : 24-^ : : 9 : L 
2 



li KEY TO ALQyBBRA/ 

/(l^) Let »s^ the number of persona. 

yss what each had to pay. 
Then, a?y= the amount of the bill. 

Put (ar+4)(y— 1)= the bilL 

Also, (x— 3)(y+l)= the biU. 

xy^^y—x — 4=ay 
xy'^^y-\'X — 8 ^xy 

4y — a:— 4=0 
— Sy+x — 3=0 

By addition, y —7=0 

(14.) 10x'{-y^4x+4y or, y=2J?. 

10a?+y+27=10y+a? 
or, 9x +27= 9y 

X + 3= y=2a: hence, a?=3. 
(15.) Let x=^ the digits in the plane of lOO's. 
y= " in the place of lO's. 
z=5 •• the units* 
x+y+2=ll z^%x 
100j?+ lOy+z-f 297=100z+10y+a: 
99x4-297= 995: 
x+B=z=2x Hence a:=3. 



/.JIN T / ^"^^ ^— ^^ _L. ^--l^ 

(lo.) Let -— — , — - — , and represent 

2 ' 3 4 

the parts. Then 

gs — 40 X— 20 , ar— 10 

— -—.-4 — s±90v. . » .xslOO. 

2 3 4 

(17.) Let ib represent the part at 9 t>or ^ftt; and (a^x) 
the part at 4 per cenf. Then 

6x 4a-«^x 
190 100 
Hence* • • • • » . . • . •«>»10Mk-«4b. 



EQUATIONa 



!• 



(18.) To ayoid h^ nameniliy and of coarse a todtoua' 
operation, Put a:»5000; then ?«w 10000* 3«=b 16000, 






3a 16a 

—=1500, and =800. 

10 100 

: A's capital, and r — 1= A'e rate 



r= B'« rate. 
f+l= C'« rate. 
"rx-^s^ 16a fa?+2ar 



By conditions. 



100 100 100 
roD-^x da rx+'dar+x+^ 



^ JOO 10 100 

Reducing (1), gives ar=(16— 2r)a 



(0 

.(2> 



(«). 



/27— 3r\ 



Then by conditions,< 



Hence, 32 — 4r=27— 3r, or • • • • r=5. 

(10.) Put a=1000, a? and y to represent the twt parts^ 
and r and t the rates expressed m decimals, 

-x+y^lda 

r«= ty 

/a:=360 

^ fy=490 

Divide (3) by (4), and we have 

(/\/a?\^36 
i^Ay/ 40* 

From (2) we have -ca- 

y ^ 

Substitute the value of - in equation (5), and 
r 
a^ 36 6v 

^'^ZT: or a:=-i 

1^4^ 7 

n ^V 

By rrtuming to equation (1) we have — +y=lSa* 

^%«18«*7 or. jf-rTa. • 



•(1) 
.(2) 

.(3) 

.(4) 

.(5j 
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(••») Let #, y, and z^ represent their respecthe aget. 
Then by cooditione giTen» x-^^s z 

x-\-y+z^ 96 
(•1.) Let ar, y, and z, represent the respee^e property 
of each, and put fcetheir sum. 

rar+8y+85r«47a . oslOO. 

Conditions, J y4-4ar+4z=58a 
Lj2:+5a?+5y=63a 
Add 2ar to the 1st equation, 3y to the Sd, and iz to the 
M, observing that a?+y4-^==« ; then we shall hare 

8#=47a+2a: (1) 

4«=58a+3y (2) 

6«=63a+4jr (8) 

or, ar= 

2 

4« — &8a 

Qf-— 63a 
4 

i> jj-*: 3#— 47a 4*-^8a , 5«--63a 

By addition, «= ^ J .+ >, 

2 ^ 3 ^ 4 

Hence, *«ilOa. 

This value of «, put in equation (1), gives ar=:5a=500. 
(99.) Taken from the book we have 

/ — 1 m — 1 n— .1 

"••-Q-£i+(£i>-£j+(^>^ 



BQUATIONS. d 

/ — 1 m — 1 n — 1 
Hence, jag ■ > ■ »3sjfc 

_J *•* 4. ^ 

I — 1 m — 1 n — 1 
As « 18 now known, we call its vsdae k. 

Then, ••...... ,.<rc=— -i- 

^ m— 1 
nk — r 

(tS«) Let «f y, and z represent the respective sumSv 

'+r<^ w 

»+i=« •••• («) 

^+i=« w 

9}f+,z—2i» or, 4*+12y=:12a 
4z+a;ni4a or, 4ar+ «« 4« 

Flomlhelst 24x+12y«24a 

25a; =:16a 

(f4.) This proUem is lesolted in the work, by the Idtfa 
example, p^ga 80» (Art 51 .) 

(tft.) Let OPS' the greater, and y the lass. 
JaH-iy=18 
l»-4y=«s0 or, 2xmt9jf, 



^ KEY TO ALGBBRAk 

y+i{x+z)=a 

z+klx'i-y)=a . ' ' 

x+{x+y+z)=2a ' 
2y+{x+y+z)=^da 
dz+(x+y+z)=^4a 

a?=2a— « (1) 

y^i{Sa^) •• (2) 

z=^ i{4a—s) > * (3) 

J^ 2a—. «+i(3a— «)+!(«— «) 
65=12a— 6«+9a— 3«+8a— 2« 
17^:£:29o or •••••♦•••••• *=29*3^87. 

Now equations (1), (2). and' (3), wiU readily give a?, y, 
and;r. 

(f^.). het a:=A's,.y B*^, and ar=C's sheep. 
Then by the conditions, 

a?+8— 4=y+^— 8 

i(y+8)=?rc+^— 8 

i(z+8)=x+y— 8 

a:+l2=«= y+ ar (1) 

y+24=2a?+22: * • (3) 

;^+32=3a^^-3y (3) 

Add (1) and (3), and we have - x+U—2x+4y. 
Double (1), and subtract (2), and we have 

2a>— yzs2y— 2a? or, 4«;«*$y 

But ^aH"4y=*44 

4a?+8y=44-2 

lly^»44«2 or. # . . -y**®. 
(as.) a?+l I a? _1 

"T" 3 y+1 4 ,< 

(•9.) x+2_5 3g _i 

"y 7 y+a a 



(30.) This is a repetition of tlie 10th example, page 89, 
inserted here by oversight. 

(3I«) Let 27s=A's money 1^ and ys:=iB*B* 

x~5=J(y+5) • (1) 

. «H-6^«y--l5 ....... ^ • .(») 

Subtract (1) from (2), and we have 

V 4^ 

10=r:3y— 15— - — or. . . -* y=ll. 

' ' • • • 2 2 

(S2«) Lm "x^ tkb number of boshels of wheat floor. 

And y=s • barley ** 

Then the cost of the whde will be expressed by 
I0x+4y 
' The sale at 11 shillings will be llx-flly ^ ' 
Now by the conditions, 

lOx^^^y ; lla?+lly : : 100 : 143} 
Multiply the last twa terras by 4, and 

I0x+4y :• llx+Hy : : 400 : 675 
- Divide the two last t*rms by 25, and 

10a?+4y : llx+Hy : : 16 : 23 

W+2y : ILr+lly : : 8 : 23 

115a:+46y=88a:4-88y 

27a?=42y 

to«xl4y 

These co-efficients, 9'and 14, give the lowest proportion 
in whole numbers. The proportion was only requhred. 
• (33.) Let 10a: +y represent the number. 

Now 4he -qnestion gfreS x» 'Q ^^2x ' 

And • « . Q'«»9y 

i(l^M-y)««x+i or • .y=l. 



gi KEY Ti^Auamaui. 

INTEftFIUETr ATION OF NEGATTVE VALtTES. / 

(Art 56.) 

(4«) Let X represent the jean to elapse, 

Tktn 304-««h3(16+*) • - • • «=— 7J, 

T0 make this eqaation tri^e, the j«ars required must be 
taken nsbtnt^iveh/. 

(f^p) Let «» the man's daily wa^, and j/s9 the son's. 

7x+8y=*22 (1) 

«ur+ y=»18» ,,,,*•...(«) 

12»+4y«40 
8«+ y««lB r«4, yai— ^. 

(••) Let a^» man's wages, jf^ wifes, and '=» the son'r 

10x+ 8y+ 6^5=1030 cts , .(l) 

12x+10y+ 4a:=1320ct8 (2) 

16je+iey+l2;if»1^5cts.. « • . . .(3) 
Subtmot (2) from (R), and we ha?e 

dx+Sz=f=^ • ♦ , . . (4) 

Multiply (1) by (6), and (2) by 4, and takie tbeir dtfier- 
encoy and we have 2x+l4z^ 130 

x+ 7z=5— 65 .•*..#. (5) , 
8ar+2U=«— 3-65 
(4) 3x+ 8z=5 65 

By subtraction, l^or— 4*65 

;r=.--4-5«~f0 
At z comee out with a mmu» Taluei it lAows thut tbo 
ion had no wages, but the reverse of it, he was on expense* 

(t.) 10a:-Hy+a«»llW (1) 

»ar+%+to»l«aO (2) 

7*+6y+4*« WO* •.•••••(») 
DouUe (1), and subtraet (2), and 

UOPV'llOO f zmtQOctM. 



BQ9ATI0N8. gg 

5a:+5=:»3y . .(i) 

7a? =5y+5 [%) 

Add. ..*..«. .Ito «^8y "* 

8a: «2y. . . •••(«) 

Subtract (2) from {1) and we have 

— 2ar+5=— .2T~6 ..•..• (4) 

ar=— 10 by adding (3) and (4). 

y«— 15 
The remit coming out minus^ shows that Aere is no 
such arithmetical fraction. Algebnucally, howerer, cH 
wiU answer the conditions* 

SECTION III. 

We pass OTiqr the ^t three chapters of this seetkNii at 
requiring no aid from a key. 

We ccmimencf at the examples in approximate cube root 
^t page 126. 

(I*) What is the approximate cube root of t20 1 

125 hasaioolof 5. 
2 

850 240 
120 125 

170 4 BM : : 1^ : root required. 

(t*) What is the approximate cube root of 8.6 1 
8 hpi B cube yoot of 2. 

16 17 

8.5 8 

94.5 : 85 : : 1^ : root veqiimd. 



fi KEY TO ALGBBRA. 

(3.) Wliaiis the approximate cube root of 63 ? 
64 haB a cube root of 4. 
.128 , 1^6 
03 . 64 . 

191 : ' 190 : : 4 : root Tea^iriB4* 
(4.) Wh^tjs tiie approximate oube root of 515! 
512 has a cube root of 8» 

^024 1030 

515 512 

1539 : 1542 :• : 8 : cube required. 
, or 1538 : 3 : : 8 : correction. 

SURDS tS GENERAL. 



(a.) 798? = 749£r»X2 « 70^2 

' («.) V125^« jTo^XSy ^2xj3t/ 



(4.) V54a?* =V27x*X2a:=3a:»V2a: 



(5.) 4 V108 =4 V27. X 4 =12 ^4 



(6.) Ja?—(fa^^ ^a^ipc-r-i^) —xjx—if 



(T.) V32a» = V®^'^^^ «2«V4 



(8.) ^280^x2= 74a*A^X7a=2aa?v/7a 

(9.) Performed in the work. 

, ^ 64 ^64 ^64 4"^ 

^9 ^27 ^27 .8 

^ 147 ^ 49*3 ^ 49-9 SW^ 



PlffiE BQUATIOnBi ^ 

^ (18.) • j7+W=^iy^(}T^a*jrf¥ 
(14.) ^ /2a /T ^ 1 — 

(Art. 81.) Requires no aid from a key. 

(Art 82.) 

(1.) 6^5 X 3^"§=*^ 15v/5X2X4=30^l0 

(9.) 4^12x372=12724=2476 

(8.) 372x278=6716=24 

(4.) 2 yS >< 3 vf=6 V7Xi^l2 V7 

(«.) 275 X 2715=4750=2072 

(1.) Here to multiply (a+by by (a+6)* wemuit sim^ 
ply add the exponents, 

(a+6)*+*=(a+6)^'j 

(t.) (7)*X7*=7*+^=7^ 

(8.) 2(3)*X3(4)*-2(3)?X3(4)^=2(27)^X3(16)*= 
6(27Xl6)*=6(4d2)i 

(4.) (15)* X (10)*=(1 5)^ X (10)^=(225)*X (1000)^=» 
(225000)^ 

PURE EQUATIONS. 

(14.) Multiply both members by Ja+x^ and 
Jax+^+.a+x=2a 
Jax+o?=a^x 
ax+3i^=cfi^2ax+X^ 



i wn TO AjjamaUL 

(1«.) Mohipty by ^?+?t then 



By squaring both members and reducing we have 
Bc^si^^^ or a:=sdba^. 

(1^) Square both members, and 

Drop a* and divide by x^ and 

aj-f2o=^6*-|-«* Square, Ac. 
(IT*) Divide the numerator by its denomiaatory m eaeh 

member, an4 we h»3f^ 

4 16 

1 -^^ «l ;__^ 

v/8a?+2 4%/to+6 

Drop 1 and change signs, and clear of fractions, and 

l§76sH-24<=^18Vex+Se Bm^e «:««. 

(18«) Cube both members, and 

{4+x) 
Hence, 64+««— ar»sl6+8a:+x* or ar=3. 



(19.) By dearing of fractions, 6+a?+4yaj*+6a?=15 
By reduction, ^a*+5ar=10 — x Square Ac. 



\/x+^x 
M jltiply by \r ap+ V^» and we have 
x+Jx — ^Jl^^^^lJx 
2x+2jx^2j3?^^Zjx 



(tl.) Resolved in the wofk. 
(99.) Resolved the same as 17. 

1- ^ ^1- '* 



Hence, ^Jai+l0b^7jix+7b or. • . • 
( U. 136. } ( S. 136. ) 

(93.) Square bollt members and we have 
4+«V^M=12=i+2x+«» 



a 



^ar*+12=2+aj Square, &c. a?=2. 

(94*) Multiply numerator and denominator by (he nu- 
tkerator, and we have 

1 _ 

Take square root, and transpose ^4x, and 

Square, 4»+ls=9— 6^4i-t-4* Hence, a?=f 
(««.) Square root gives a— a?=^F or, x^a^^b. 
(•••) Clearing of fractions and we have 

ar=dbi. 
(tT.) Take the square root^ both members, and 
2 1 

;=i^5 ^' ^-^» 

(M.) Resolved the same as the 21st. 
(99.) Clearing of inntions we bare 



JOBir TO A^QBBftA 



^a:*— 9ar|=45— ar 

a:8— 9ar=458— 9()a^4-«* 

gl^=45-45 

9-9a;=5-9-5-9 a?=ss5-5=*26. 

(S0.) Resolved the same as (17) and («9.) 
Dividing numerators by ddnominators^ we have 
^ 10 10-5 

V^+2 ^i+40 

Drop 3 from botU sides, change signs, and divide by br 
and dear of fractions, and 

2^S+B0=21^a:+42 ^Jence a:=4. 

(31.) Multiply numerator and denommator of the fir^ 
member by {^x+.jx'-^) 

Then. (J^bf^^^ 
a a>— a 

Multiply by a, andta^e square root,, and 

_^ an 

V^? — a 
jl^CZax+x — a=an 
Ja^—ax^{n+l)a^x 
a:«.-^a?=(n+l )«a*— 2a(n4- l)a:+«" 
Drop a^f and divide by a, and 

— a:= (n+ l)*a— 2IW?— 2a: 
(l+2n)ar={n+l)«a 
(»+.l)»a 
l+2n 
(S3.) Resolved in the work. 
(Art 90.) 

(4.) Observe ISO^D^ao 189«9-2I. Putaa*9. 
a^+xy^m.20A a!«+y«21a 



PUBE^EQUATIOICa ff 

Multiply the first equation by 3, and lidd it ta the 9eoond» 

and x^+Bx^y+3xy^+y^=Sla=^(^ 

cube root, ar+y=a=9 

The rest of the operation is obvious 

(5.) Divide the first equation by (x+y) and 

or J5*— 2a!y-fy»0 or a?— y=«0. 
Hence. . .xssZ y=2. 

(«.) t-^y : a? : : 7 : 5 ay+y2=126. 

5a?+5y=7a: 

5y=2a? or a?=a|y. 
Put this value of x in the second equation^ and 

7^*= 126-2 

y'=18*2c=36 . . .y=d=6. 
(y*) From tho first equation we have 

iVi^+V=181 
81y2+looy^=181-25 

18Iy»=181-25 or. . y«s=25. 

(8.) From the proportion we have 

^Jy^BJx or ....** 25yfl:tto. ' 

The rest of the operation is obvious. 
(••) Extract square root and 

5rp+i==3 or .,......••.•.•. . a?=74» 

(to.) From the first proportion 

x+y=^Bx-^y or 4y=:2a? 

llence • . • • S^s^x*. 

Sy'-y-W y»«8 3r«*«. 



(II) (19) ind (IS) molved in th« tioik. 

ri4.) a:«— y« ^ , ■ 

' ^=6 or ap+y=^ 

a?— y 

From the second, • • • a?y*=6. 

(15.) Divide the Ist equation b^ {x+y)t aad 
a?*— ary+y«=2a;y 

«*— 2ay+3^=ary-16 . . .(I) 

Add 4xy -64 

a*+aay+y= 80=16-6 
Square root, x+y=^4^6 

Square root of (1) a:— y=4 

3a? =4^5+4 
(19.) Doable die 2d equatton, and add and rabtrael U 
from the lat^ theft 

x+y^^a+^ 
X — y=sja-^2b 

(Art 92.) 

(d.) Add the two equations and extract square root, and 

we hare «*4-y*=db4 (1) 

Separate the first member of the first equation into &o- 

lofs, and we have xK»^+y^)^l2 («) 

Divide (2) by (i) aftd. a?*==t3 ar=9. 

(«•) is of the same form and resolved the same as (^) 

(T.) Add the two equations, and extract square root, and 

i a 

we have « +y * "* J^+^ 



PCBB Ei^UATIOini. > M 

But . jc*(a.*4.y*)_« 

x*= — 

«»=^ or -(-^y 

(§.) Reiolved in (Art. 90,) of the Key. 
(9.) Square the first equation, and 

«r +y=«^13 • (1) 

Difierence 2x^y^ =12 (%) 

Subtract (2) from (1) and 

a>— 2a?*y^4-y= 1 

By evolution a?^— y^ =±1 

But x^+y^ = 5 

2a?^ =6 or 4. 

CHAPTER V. 
(Art. 93.) 

QUESTIONS PRODUCING PURE EQUATIONS. 

(*.) Let ar+y= the greater number, 
And a>— y= the less 

Difference .... 2y=4 Sum =2a? 

2ar(4a?y)=1600 Hence. . . •a;s:10. 

(••) I^t ^+y= the greater number, 
a?— ^= the less. 
2y : a>-y : : 4 : 3 or a?=|y. 

( ^'"--y*)( aN-y)=504 

(\Y--y«)(ly-y)=504 

(Vy^ (|y) * «=504 Hence y=4. 
3 



H l^Y TO ALGEBRA. 

(T.) Let 8a?= the length of the field, and 5a?=f its brcacWl 

^ 40x* a?« 

Then • • =— .= the acres. 

160 4 

»ii'^X8a?=the whole cost. 

■26:&= the rods around the field. 

13 X 26a?=the whole cost. 

Hence 2a3»=13-36a? or a?=13 . . . 8a:=104,^rw. 

(«.) Let 507= the length of the stack. 
4x= the breadth, 
• * ' 7a: • • 
Then, — = the height. 

' 7x 

5x'4x'--''4x=^ the cost in cents. 

Also, 5a:-4x-224= the cost in cents. 

7x ... 

Hence, 5a?'4ic- — '4x=bx'4sr224 
2 

7J7-2a?=224 or ay=4. 

(9.) Put «*— 7= the number. 
Then a:+7^+9-9 

^a^+9=9 — X or a:»4. 

(10.) Let X represent A's eggs; then 100 — a?= B's 

18 8 

TTT = A's price. ~=B*s price. 

100 — X X 

\Sx 8 

Hence =-(100— -x) 

100— a; x^ ' 

9^^=4(100— a:)' 

3a7=2(100— x) a?=40. 

(11#) Let a;+y= the greater number, 

X — y— the less. 

2ir«=36 or o?=3 



QUADRATIC EQUATIONS. 3t^ 

Divide by 2a; and a*+3y^=12 Hence • • : '^=1. 

(19.^ Let a?a=^ one number, 

Then a^x= the other. 



b 

(^3C^z=b^ ax=b x=-, 

a 

(13«) Let ar* and y* represent the numbers. 
Then. . . . . • -...-aj^+l/^^iPQ 
X +y = 14 

SECTION IV. 

QUADRATIC EQUATIONS. 

None of the examples require the aid of a key until we 
come to the 12th, Art. 101. 



(19^ Put x=^\u. Then 5a:*=^w",and the equation be 

comes \u^+\u=z 273 

^3 +411=1365 
Hence u=35 or — 39 which gives . . • ar=7 or -r-Y* 

(18.) Put x=)fU. Then 

i#»-l^Om =224 

w»—20w+ 100=324 

u— 10=zbl8 

M=28 or — 8 and • • x=^ or — f 

(14.) 26aJ2— 20a:=— 3, 

Complete the square by (Art. 99.) 

250^2— 20a;+/*=:/«— 3 
^xt=—l^x ^=--2 ^ ^«==4 
5a>— 2=dbl • . * aF=| or \. 



n K£Y TO ALGBBRA. 

(15.) Fatx^^jU. Then 

ti*—292tis=_600-21 =—10500 

t/s_292n+(146)»=10816 

t^— 146=±:104 

w=250 or 42 

Hence a?s= Vt <>' 2. 

(Art. 103.) 

EXAMPLES. 

(1.) Put (ar+12)*=y. Then 

y^+y=^ • • • -y— 2 or —8. 

(a?+12)*=2or— 3 

a;+12=l6 or 81 a?=4 or 69. 

(2.) Add 6* to both members and extract square root: 
we then have (x+af +b=±i2b 
The rest of the operation is obvious. 

(3.) Put y=(9x+4)^ Then y^+2y=l5 
y=3 or — 5 Hence 9a;+4=9 or 25. 

(4.) Put y={lO+x)^. 

Then y^— 3^=2 y=2 or— 1 

(Art. 104.) 

8 

(5.) Put ... . (a: — 5)^=y ; then 
y^—Sy=40 ^ . . .y=8 or —5. 

(6.) Put (l+a>-a^)*=y ; then 

From which we obtain y equal i or ^. 
Hence . . l-\-x — a^^ or ^',. From which we obtam 
x^i±:\^4l or idzTVVlTd. 

(T.) Put (x+lG)*=y 

y«*-^y=10^ Henee y=5or— 2. 



QUADRATIC EQUATIONS. .37 

(8.) Puty=a?»; then 

V— 2y=:8 Put y=:Jw 

ti?— 2w=24 u=6 or —4 

(«•) Multiply by 4, &c. Rule 2. 

, ar^=27 or —28 

aj72=3 or .............. . a:=a248. 

(10.) Put (2a;— 4)«=y. 

Then ?=!+- 

y y^ 

8y=y2+16 
3^—8^+16=0 or , y— 4=0. 

(11.) Multiply by 16, Rule 2. 

Then . . . 64a?8+I6ar^+l=:39-16+l=626 

8a: J+ 1=25 a?W «x=720, 
(19.) Add 5 to both members. 
Then (a:*— 2a?+5)+6(a!«— 2a?+5)^=ld 
By subtraction, y*+6y+»=25 ..... y=2 or — 8. 
Hence «* — ^2ar+5=4 x=i, 

(13.) By (Art. 99) we have 

x^ 12ar ^ 

— • |-/«=:/»_gi2 

361 19 

a? 6a? 

a* 12ar 

X 

-— 6=it2 x=152 or 76, 



98 KEY to ALGEBRA. 

(14*) Observe that Six' and — are both squares, and 

if these are taken for the first and last terms of a binomial 

1 
square, the middle term must be 9x*^'2^l8. 

X 

This indicates to add I* to both members. Then extract 
square root 9a?H — =±10 Hence. • - •a?=l or — 1. 

X 

(15.) The first, member of (I<5) is the same as (!*•) 

Hence, add unity to both members and extract square 

1 29 
root ; we then have 9a?H — = — h* 



XX • 


' • 


9a:«— 4a:=28 


Put a?=-. 
o 


t/'_4M=28-9=252 


V 


u— .2==bl6 


• • . x=^2. 


(Art. 105.) 




(4.) Multiply every term by x, and 




a^_8a:8+ 19a!»— 12ar=0 




Operate for square root thus 




x^—Sos^+ldx'—nx {x'—ix 




2j;«— 4a;)— 8a^+19a:2 





3x2— 12x 

S{x'—4x) 

(x«— 4a:)2+3(a:2_4^j_Q 

Divide by {s^ — ix) and 

a«— 4x+3=0 ic=l or 8 

But the factor a:*— 4af gives a:=0 or 4. 



QUADRATU; EQUATIONS. r^ 

10x»— 50a?4-24 
(«*— 5ar)M-10(a;»— 5ar)+24=a 
If we add unity to both members, we shall have com- 
plete squares. Extract square root, and 
(aj3_5ar)+5==fc:l 
X* — 5a?= — 4 or — 6 
F^pm these two equations we find a;=l, 2, 3, or 4. 

(6«) By mere inspection we perceive that this equation 
can take the form- {x^ — a;)^— (ar^— a?)=132. 

y8— ^==132. .......-• .y=12or — 11. 

x^ — x=VZ or — 11 
If we take — 11, the value of x will bec9me imaginary , 
12 gives a:=4 or — 3, 

( U. 169. ) 
(T«) This equation may be put into this form : 

from which the reductioa is easy. 

(Art 107.) . ' 

(3.) Taken from the work we have . 

(a+l)»^— a^a?=a2 . * , . . 

or {a+l)x^={x+l)a^ 

Both members are of exactly the ^me form, and of 
course the equation could not be verified unless • • x=a. 

EXAMPLES. 

(1.) a?3 + 1 lap=80. Multiply by 4, Sic. 
4»+^'+li^=320+121=441 
2a^f ll*dt21 x=5 or —16. 



40 KEY TO ALCn»|EIA. 

(t*) DNp2jp from both membefSt and dhride by 3 r then 

X — 1 a? — 2 

X =s 

ON— 3 2 

Clearing of fractions and 

aH»— 8ar*=4 Put 2«=3 
Hence, (Art 106) ap=a:4 or — ^1 

(8*) Multiply the equation by 6x ; then 

to' 

— — l-6x+6=13a? 

ar+I 

Off' 

Cj?'+to+6=:7a?'*+7« 
Hence x*+x^% 0^=2 or -— S. 

(4.) Clearing of fractions 

70aN— 21j?'+72j?=500— 150a? 
21a?'— 2920?=— .500 



(5.) Put (j+yS^x. Then 



aja+a?=30 or, a?==5or-^^. 

6 
Now, -4.y=5 or —6 

y 

y'— 6y=— 6 or y«+6y=a— 6 

4y'— .^+25=25— 24 

2y— 5==bl y*r3 or 2. 

(6.) Put a?t=y; then y'+7y=44 
4y' +^+49=225 
2y+755»dt:X5 y=4or— 11. 

«=;i(4)^or(— 11)^ 



QUAimATIC EQUATIONS. 41 

(1.) a^'\rx^42. Hence a?=6 or —7. 

That is y«+l 1=36 ,49 or y=6 or ^38. 

a? — 7 3 
33av-231--3a:— 21 =:a;^^7a: 
a^ — 37a?= — ^252 

4ar»—^+37*=:1369— 1008=361 

2a?— 37=±19 a?==28 or 9. 

(9.) 3a:«— 9a:=84 

12 



a«aj^— ^+81=12-84+81=alOW 
6a>— 9==b33, 
(10«) Clearing of fractions we have 
2a:+2^i==16— a? 

3a?+2^^16 
Multiply by 12, <fec. 

6VH-2«d=14 a?=2 or 7^. 

(11.) 6(2a?— 11) 

^ ^ -i ^+4a:=26 

a? — 3 

3(2a?— II) 

-^ i+2a?=13 

a:— 3 

6aJ— 33+2a:*— 6a:=18a?— 39 

2a^— 13a?=— 6 

16a:»—w5+13«=169— 48=121 

4ar— 13=zbll. 

(19.) Mnltipfy by aj* and we hare 

22ar* 

lOar — 14+2ar= 

9 

. Ux^ 

6a?— 7= 

9 

llar«— 64a?=— 63 



iM KEY TO ALGSBRA. 

Put a:=— ; then u^ — 54w= — 693 
.11 

^2— 54?^+27"=36 

w— 27=±6 ♦ w=33 or 21. 

(13«) Clearing of fractions we have 

— ar2=27a:— 28 
.a^+27a:=28 Put 2a=27 
a:*+2aa:=2a+l 

a:+a=zt(a+l) .•a:=lor— 28 
(14.) Oiyen ma:^— 2ww?^n=na?a— mn to find x 

By transposition mo?* — ^2ma7^n+mn5=nx* 
Square root . . ^mx — Jmn=z±Jnx 

By transposition {JmdoJn)x=Jmn 

Jmn 



CHAPTER II. 

QUIDRATIO EQUATIONS CONTAINING TWO OB MORk 

UNKNOWN QUANTITIEa 

f 

Problems If 3, and 3, require no aid from a key 
(4.) Put x=svy; then the equations become 

V3y3+j3 = l8vya (1) 

vy+y-^^ (2) 



QUADKATIC EQUATIONS. 49 

18ty 
From (1) we have • • V3= 

12 
From (2) we have i/= 

Hence* = 

Divide the denominators by (v+1), and 2=-—^ - — - 
Or, 21;*— 5v=— 2 : . . . : t;=2 or J. 

Another Solution. 
Cube the 2d equation and we have 

That is. . . . 18a?]/+3a:y(12)=12-12-12 

Divide by 6, and we have 3xy-{-Qxy=2'l2'l2 
Or .... . . 9xi/=^2-3'4'S'4 

Or . . . ^ . . . a;i/=2-4-4=32 

Now, having {x+y) and (ay), the rest is obvious 

(5.) The first equation can be put in this form 

{x+sy+2{x+y)^i26 
Or «»+2»+l=121 

a^+•«/=10 or — 12 

Or a:=10— y or x= — y— 12 

8+y« 

From the second equation z= 

,V 

84-v* " s+y* 

Hence • • — ±-=lO-— y or, =— y — J* 

y y 

8+V=10y or,* 8+2y» + 12y=0 

y«_6y=*:_4 y«4-6yss=— 4 

y?+2ay=2a+l 

y+«*:t(a+l) 



44 KBY TO ALGSraA. 

(6») Pet x^vy ; then the equations become 
' vY+vy^=5Q 
vy'+2y^=^e0 
,^ ^6 

60 . 

15 14 

Hence • — ; — = — r-* 

l5v' + l5v=Uv+28 

15v2+v=28 

4-15^t;^+w5+l=28-60+l=1681 

2-)5v+l=db41 t;=| or— J. 

(1.) Put x=vy ; then the equations become 

6v''y^+2y*=5vy'+l2 (1) 

2uy«+3v^y»=3i/2— 3 (2) 

12 

4.^1 

Hence • • • r ' '^Q 

6v3^5v+2 8v»+2v— 8 

12va+8v— 12+6©*— 5o+2=0 

18v»+3y_10=tO 

Complete the square, (Art. 09.) 9v^+^v+t^==^t''+5 
2vi=^iv or,. t^i /*=:jV 

3v+i=±« . t,s=3 or— |. 

(§•) Put x^vy; then the equations become 

2v'y^+vy^^eS (1) 

4y3+3|^a«i6C^ (2) 



QUABBAfSa S(^ATIC»ya 4§ 

68 160 

^ Sv^+v ^ 4+3© 

40 17 

1 1 — — • 

4+dv 'Sv^+v 

120v2+40t;=51t;+68 

130v«-^llv=68 
4-(120)^va—w5+ 12 1=68-480+ 121 =32761 
2-120V— ll=tdbl81 v=Jor— j}, 

. (Art. 111.) 
(t^.) From the second equation we get 

a?^y*=r6 or, 2x^y*=:12 

■ This added to the first equation gives 

«*+2a?^y^+y^+2(a?^+y^)=86 
Put ar'+y^=^; then. «*+2*=35. • .j=6or— -7. 

Now If we put a;*=P, and y*=$, we shall have 
/>+^=6 and P$=6 

From which P and Q are readily found* and from them 
X and y. 

(3.) Put a:^=/',andy* = $. Then the equations be.- 
come P+§=8 (r, 

F^q'+i^qf':^2^ . . (2, 

Square (1) and we have /»+2P$+§*=64. • . (3) 
Subtract (3) from (2), and we have P*$*— 2P$=195 

Hence P$=15or— 13. 

Now as we have F+Q=S, and ^$=15, we have /*= 

5 or 3, and $=3 or 6. That is, ar^ =5 or 3, &c. 

{4L») Put x^t=F, and y« = §; then the equations be- 
tome /»+§*+P+$=26, and PQ=^S 
2PQ =16 

(P+Qy+{P+Q]=^42 Hence. .P+Q^e. 



44 KET TO ALGimRA. 

a?* 33 3 11 

(5.) Put — «=tt : then t<*+4t/= — . • w=- or . 

' The remaining operation is obvious. 

(6.) Given y* — 8a?*y=64, and y — ^2a;^y^=4, to find x 
and y. 

To both members bf the first equation add 16^, and to 
the second add x, to complete the squares; then extract 
square root, and we have 

y-4x^=4(x+4)^ and y^— 0;^= (x+4)^ 
Four times the last equation subtracted from the prece- 

ding gives y—4y^=0 or -ysslG. 

(Y.) Multiply in the first equation as indicated, and sob 
tract the second equation ; we then have 

x+y+2x^y^^2b or a7^+y^=5 
But from the second equation we have 

{x^+y^)x^y^=SO Hence a?*y*=6. 

(§•) Divide the first equation by y^, and a:*=2y^, or 

y*=s=ia;* ' This put in the second equation gives 

8x*— ix^=14 

a;f_l6a;^+6^=j54— 28=36 

CHAPTER III. 

QUESTIONS PRODUCING QUADRATIC EQUATIONS. 

We pass to the sixth. 

(6.) Let t= the time (hours) he traveled, and r=: his rate 
per hour; then r/=86 (1) 



QUAMRATIC EQUATIONS. 4^ 

But if r becomes (r+l)* ^ niust become (^— S), and then 
(r+1) (f^3)=36 (2) 

Or r/4-^— 3r— 3=36 

rt =36 

^=3(r+l) 

Henee* f^J^r^=>l2, and r=3. 

(•y.) Let x= the number of children, 

And«* • . y= the original share of each* . • 

Then . . . a:y=46800 ....•(!) 

(a:_2)(i/+1950)=46800 . (2) 

iry+li^50x—2y— 2-1950=46800 ' 
1950(a?— 2)=2y 
Or .... . 975(ar— 2)a?=a^^=46809 
By division, a^— i2a:=48 «=*8, 

(8«) Let ar= the number of pieces. 

675 
Then = the cost of each piece. 

X 

675 
48a: =675 

X 

48x«— 6752'=675 
16aj5L«226a:=226 



[^) Let a?=the purchase money. 

104ar 104a? ,. , , 

Then = the cost, and 390 = his whole gam. 

100 100 ^ 

_ 104a: 104x x 

Then : 390 : : 100 : — 

100 100 12 

Product of extremes and means 

26a?» 

=39000— 104ar 

300 

2x^ 
• ' ' .i_.-«=-8000-^-8r 
300 



4B KSY TO ALQBB&A. 

Put asibSOO and divide by 3 ; then 

— =5a — ix 
a 

ar2+4aar=6a* 

a:»+4(w:+4a*aB9a* 

a!4-2a=^3a • . ars^aaSOO. 

(10«) Put a:+y= the greater part, 

And . . . or— y= the lesa part. * 

Then 2a:=«(H a:=30, and a;*— y=704. 

(11«) Let a:= the cost ; then 39 — a?= the whole gain. 
X : 39 — X : : 100 : x Ana. «=10. 

(lii«) Let (a? — ^20)= the persons relieved by B. 
Then • • • x-f'20 = the persons ••••••• A. 

1200 1200 

— [-5«. 



aj+20 a:— 20 

Divide by 5, and put a=240 ; then 

a a 

-1=- 



x+2d a:— 20 

ax—20a+3^ — 400=saa?+20a 
a!*=40a+400=40(a+ 10)=40-250 

Or a?« =400-25 a?=20'5=100. 

Hence 80 is B's number, and 120 A's. 

(18.) Let a?= the price of a dozen sherry, 
And y=^ the price of a dozen claret. 

7a:+12y=60 (1) 

io 

— = the number of dozen of sherry for j610. 

X 

6 

-s=the number of dozen claret for £6. 

y 

10 6 
Then . • . — =3+- * ' («) 

X y 



QUADRATiC EQUATIOKS. 



Or a:^J'-''^ 



3+f 3y+Q 

^ 70v 

By substitution, ^ — l-I2v*»50 

3y+6 ^ 

70y+36y2 +72^=1502^+50-6 

36i/«— 8y==300 

V—2y==75 Hence y=3. 

(141.) Let 19ip= the whole journey. 
Then x= B's days, also his rate per day. 
Or a?2= B's distance. 
Also, 7a?+32== A's distance. 

x^—l2x=—32 

Hence ^—S or 4. 

An<J •. 19ar=152 or 76. 

If we put X for the whole journey, we shall obtain the 
13th equation, (Art 104.) 

(15.) Let x= the bjushels of wheat. 
And . . . aj4-16= the bushels of barley. 
24_ 24 1 

Ic^a+IG 4 

x^+ldx 
24a?+16-24=24xH — - - 

a?2 + i6a;=l6-96=16-16-6 
Put 2a= J 6. Then 2a-2a-6=24a« 

a^+2ax=24<^ 

a?+a==h5a ..•...,... A*=:4a>=32. 
(16.) A put in 4 horses, and B put la x horset. 

■,^18 

Then — =the rate per head. 

X 



^ KEY TO ALGEBRA. 

4*1S 

[-18= the price of the pastotv. 

X 

J-20=3 the price of the pasture. 

x+2 

4-18 4-20 
Hence ^=^+^ 

^^^+1 x^e 

X x+2 

(17.) Let 4x= the price per yard, 
And . . • 9a:= the number of yards, 

36x^=324 a?=3. 

(18.) Let 10a?+y= the number. 

Then i^^=a .(1) 

xy 

And I0x+y+27=l0y+x ("2) 

From (!)••• • I0x=^(2x—l)y 

From (2) .... a:+3=y 

Ito „ , 
By division, • • — r-r=2a: — 1 

x+3 

10a7=2ar* +64?— a?— 3 

2x^—bx=3 «=3. 

(19.) Let (.T— y), a?, and (x+y— 6) represent the num- 
bers. Then 3x— 6=33, or a?=rl3. 
(x-y)«=a?»— 2ay+y> 
ar==a?» 
(ar-l-y— 6)3 =a?2+2a?y+y*— 12«— 12y+86 

3a.2^2y*— 12a?— 12y+36=441 

By subtracting the value of 3ar« — 12a?4-36, we have 
2y2— 12y=54 Hence y=9, 

(90.) Let X and y be the numbers. 



QUADKATIC EQUATIONS. 0| 

"T^^en x+y=xt/ /jN 

x+y=x^+y^ (2) 

Put x=svy, and the equations become 

vy+y=vy^ . (3) 

«y+y=v^y*+y2 (4) 

Divide (4) by (3), and —LL^i 

V 

This gives v=i±|^Il3 

But from equation (3) we have vy=v+l^x=l±ii^i:^ 

(ai.) Let a?+y= the greater number, 

And .... a?— y= the less. 

^--y'=24 (1) 

2x+2x^+2y^=62 • • • (2) 

Or ar+a?«+ya=31 

^^^ (1) ar^— y2^24 

2x'+x =55 a:=5, y=i. 

(aa.) Let a?+y= the greater number, 
And . .. • ar— y= the less. . . 

^— y'+2ar=47 /jx 

2^+2y«^2:c=62 (2) 

2^--2yM-4^=94 

4ar»4-2a:=: 156 

(28.) Let {x+y)= one number, 
And. . . > {x—y)= the other. 

2a?=27 /jx 

. a:'+'3a^-f3ay+y8 
a:* — 3a^-i-3ay— iy3 

2ar3+6a:3^=r=5103 (2) 

Divide (2) by (1), and we have a^+3y««I89 



5t KEY TO ALGEBRA. 

32.9? 

3*81 

Divide by 3, and \-y^=3*2l 

4 

3-81+4^=:3-84 

4y*=i3'3 or 2y=s3 y=|. 

(24*) Let a7+y= one number, 
And . . • ♦ a:— y= the lees. 

2x= 9 
a:*+4ar33/+6^2+4a!y*+y* 
a?* — 4a?^^ + 6a:*y^— '4a?^4-y* 

■ «a?*+12a?2y2^2y*=2417 
By resolving this we shall find y=2|. 

(95«) Let x+y= the greater, and x — y== the less* 

Then {x^—y^) (2ir2+2y^)=1248 (1) 

Or , a;^^=624 

Also 4a?y=20 r (a) 

5 
Or... y=- 

a: 

625 • 

^ 625 

a;* =624 

x^ 

aj8— 624a;^=625 Put 2a=624 

Then 3i^—2axf^+a^=a^+2a+l 

a::*— fl=rb(rt-f-l) 

x*='2a+l or — 1 a:=5 

y=i. 

(tl6.) Let 0?= the days required by one. 

And . . • • a:+10=: the days required by the oth^r. 



ARITHMETICAL PROGRESSION. Q# 

Then . . . -= one day's work of the first. 

X 

^ = one day's work of the second. 



SECTION V. 

CHAPTER I. 
ARITHMETICAL PROaHESSION. 

(Art. 116.) 

(4.) Z=l+3i(f {A) 

280=16(2+8iy • , {B) 

{B) reduced gives cZ=5 ; then [A) gives i=16i. 

(5.) Here«-B|, Z=5, n=5. 

i^i+id ....(^) 

B^{i+m --(^) 

FVom {A) we have d^-}^ 

J+5»^=f = the first mean, &c. ' 

(6.) Here a=9,Z= 109, n=ll. 

J09=9+I0(f d^XQjAns. 

(7.) Z^H-364X2 {A) 

,==:730X36J5X|=(^), An9. 

(§.) Z=20+(n— l)3«rl7+8n • {A) 

,»=(3T+3n)in=438 (jB) 

(Art. 117.) 

(»•) Represent the numbers by ar— y, a:, and ar+y. 
.3x»18 a?=6 



M. KEY TO ALGEBRA. 

{x+yy=£+2xy+^ 

(8.) Let a?— 3y, x—y, x+y, and a?+8y represent tbe 
numbers ; then 2y=4. 

The product of the 1st and 4th is 

x'—9}/' ; of the 2d and 3d is (a:*— »*)• 

a?*— lOaY+V'^i'^eoss 

%*= 144 • 
a?*_40;^ =176841 

(4.) The same notation as in last example. 

2x==S x=4 X'— ^3=:15 

(5.) Let n= Ae number of days. 

Then - - Z=l+(n— l)l=n 

8={i+n)in= the whole distance* 

Also {n — 6)15 = the whole distance. 

n2+n=30n — 180 
n^ — ^29n=— .180 .... 71=9 or 20 

6 6 
' * ■ ' - 3 I4 

(6.) The first day he must pay 1+i; % representing 
ihe interest of one dollar for one day. 

First day . r 1+ % ' 

2d day 1+ 2t 

3d day 1+ 3t 

Last day l+60t 

(2+61 i )30=5= the whole sum 



GEOMETRICAL PROGRESSION. n 

to be paid ; but as this sum is to be paid in 60 equal pay- 
ments, each payment must be 

6H 
!+•- — =* Ans. $1 and f of a cent, neariy. 
2 

(T.) Let X — 3y, a?— y, x+y, and a?+3y represent the 
numbers; then 2x'+18y*=50 

2x^+ 2^2=34 

ie>y«=:16 y=l. 

GEOMETRICAL PROGRESSION AND HARMONICAL PROPORTION. 

(Art 124.) 

(!•) Let X represent the mean sought. 

2-6-12 

x= =8 

18 

(9») Let xs= the number sought. Then, by harmonical 

proportion 234 : ar : : 90 : 144— a? 

90a:=234- 144— 234a? 

324a?=234144 Hence a:=:104. 

(3*) Let ar» the number sought. 

Then • • . • 24 : x : : 8 : 4 — x 

Or .•••••3 : X :: 1 : 4-^^-3? • • a?=3* 

(41*) Let 07= the second. 

Then . • • 16 : 2 : : 16—^ : 1 • • • • x^S. 



(5*) Let a:=s the first number, and'y= ratio. 

Then x+xy+xy^==2l0 (1) 

ary2— a:= 90 (2) 

~~— ~~~"~^~"~""""~" 120 

By subtraction • . . .2a:+a?y=120 or ««=--— 

90 

From (2) we have ar== 

y«— 1 



KEY TO ALGEBRA. 

or, 4ys^3y=I0 y=2. 



2+y y^—l 

(S*) Let x^ xyy xifj aad xy^ represent the numbers. 

Then. . . £_=-£—=- 

xy+xy^ l+y 3 

From this equation we perceive at once that y=2 ; then 

a:+2a:+4a:+8ar=16a?a=30 a?=2. 

(••) Let ar, jcy, a?y* and xy* represent the numbers, 

x+xy^^^US ^ . .(1) 

xy+xy^z=zSSS • . • . (2) 

Or x(l+y')=4-37 • • • W 

^(^+y')=^*222 • • • -W 

Divide (4) by (3), and ... . y =6. 

(7*) Let X, Jxy, and y represent the numbers ; then 

x+Jxy+y=^U (1) 

And a^+xy+y^=S4 (2) 

Put x+y=^s, and Jxy=p ; 

Then. > sx^+xy+y^=s^—p*, and equations (1) and (2) 

become s+p=^l4 (3) 

s^—p^=S4: (4) 

Divide (4) by (3), and we have *— /)=6 (5) 

Add (3) Xa (6), and divide by 2, and 

«=10. Hence j9=4. 
(8.) Let a?, aj/, ocy\ and xy^ represent the numbers ; 

Then xy^ — xy=24 

QC^-^ic : Xi^+xy : : 7 ' : 3 
Or .. . y-'+l : y«+ y : : 7 : 3 
Divide Uie first couplet by (y+l)» and we have . 
y— ^+1 : y : : 7 : 3 
3y»— 3y4-3=7y or 3/— 10y=— ^ 
From this equation we have y3=3, the ratio. 
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(9.) Let Xy xy, xy\ and xy^ represent the numbers ; 
Then oc{l+y+y^+y^)=y+l 

And. ..•••• iP==TV- Put (y+^)='^' 

Then ^\(A^-Jiy^)^A 

A-\-Jly^^\Q^ ^y^^Qjl or. ... , •y=3. 
Hence yV> t\» ^^' ^^^ ^^^ numbers. 

• • 2ocy 

(10.) Let a:, , and y represent the numbers; then 

x+y 

x+^+y=^26 (1) 

x+y 

And xy=72 

Put x+y=8; then equation (1) becomes 

144 
«H =26 or ««— -26«= — 144. . . .«=18« 

8 

(1 1.) Let 0?, xy, and ary^ represent the numbers ; 

Then ar'y«=216 (1) 

x''+x^y'^=32S (2) 

36 
From (I) ixy=6, or x^=^ — 

328 

Fr^«^(2) "^"ny 

36 328 9 82 

or 



y' i+y' y' i+y* ' 

gy* — 82y«^= — 9 Hence y=d. 

(M«) Let X9 tj3^9 and y represent the numbers ; then 

x+J^+y=l^ (1) 

.(a?+y)V^=3^. (2) 

x+y=*lB—Jxy (3) 

*+y«-^ W 

Jay 

_ 30 .— 

13— 7ay=— trr Hence • . Jxy=Z 

-J'V 



§g KEY TO ALGE0RA. 

(1».) Let a?, — ^, apd y represent the numbers ; then 
x+y 

a:+y=18 (1) 

^=576 (2) 

18 

. 1^=24 xy^l2 (3) 

From (I) and (3) we find x and y. 
(14.) Let Xy xy^ and ary* represent the numbers ; then 
[pn^ — xy) {pcy — x) are the 1st differences, and 

a?y' — 7,xy-\'X= 6 

a:y*+ ajy+a?=42 

Difference. ^xy =36 ary=12. 

(15.) Let Xy —^y and y represent the numbers. If y 
x+y 

(2xy \ / 2xy \ 
y 77" ) V^T ^) 

4xy 

are the 1st differences, and y ; — \-x=^2 the 2d diff. 

x+y 
xy^72 . Put(ic+y)=«; 

4-72 
Then s =2 

8 

^_2«4-l=289 

8 — l=sl7. • • .«=ar+y=18. 



(IT.) Let a:*, xy, and y« represent the numbers ; then 
aj"+ay+y*=31, and a;«+y=26 

(18.) Let Xi xyy xy\ xy^, xy*, and ay* represent the 
numbers. Then, by the conditions, we have 

x+xy+xy'+xy'+xy*+x!/'^lS9^a . . (1) 
And xy+xy*=^64^b (2) 



PROPORTION. 09 

But equation (1) may be put into this form 

a 
Or a?+arv'= 

Multiply this last equation oy y, and its first member will 
be the same as the furst member of equation (2) ; therefore 

oy 

; =b ; a quadratic from which we obtain Vi ^^ 

ratio. 

(19*) Take the same notation as for (19) ; then we have 
(a:+iKy)+(ic+acy)y=189— 36=rl53=a. .(1) * 

And (a:+ay)y*=36=6 (2) 

Diyide (l) by (2), and we have 

1+y* 153 51 „ 

— ^=! = — Hence y=2. 

y* 36 12 ^ 



CHAPTER in. 
PROPORTION. 



(^•) Let X and y represent the numbers ; then 



x—y : x+y 
x+y : xy 
From the first, 20? : 2y 
ISy lly» 

7*7 



2 

18 
11 

18 

1 



9 

77 
7 or,a?=Vy. 

77 

77 y— 7. 



(6.) Let X and y represent the numbers. 

x+4 : y+4 : : 3 : 4 .... (1) 
a:— 4 : y— 4 : : I . : 4 • • . . (2) 

From (2) we have 4a>— 16=y— 4, or, y=s4»— 12, This 
▼alue of y put in. (1) gives 
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x+4 : 4ar— 8 : : 3 : 4 
ar+4 : X — 2 : : 3 : 1 

aj+4=3a?— 6 a?=5. 

(Y.) Let X and y represent the numbers ; 

Then x+y=l6 

And xy : ar'+y* : : 15 : 84 

Double the first and third terms, then add and subtract 
(Theorem 4), and 2xy : x^+y^ : : 30 : 34 
x^-{'2xy+y^ : a^ — 2a:y+^ : : 64 : 4 . 
x+y : X — y : : 8 : 2 

16 : X — y : : 4 : 1 or, x — y=4. 

(§•) I#et a?= the gallons of rum, 
. And . . . y= the gallons of brandy. 

a?-— y : X : : 4 : y 

Product (x — yY : xy : : 400 : ary 
^ Dividing the second and fourth by ay, and 
{x-^y : 1 : : 400 : 1 
X — y : 1 : : 20 : 1 or, x — y=20. 

(9.) Let a7-f-y= ^^^ greater number. 
And . • • a?— 2/?=i the less. 

Then ic*--y«=r330 *. . (1) 

{x+yY=^a?+da!'y+Sxy'+y' 
(a? — yY=a^ — 3xf^y+Socy2 — y^ 

6iP*y+2y'=diff. of the cubes. 
2y w difference. Cube of {2y)^ Sy* 
6a^+2y : sy : : 61 : 1 
Sx^ + y^ : 4y^ : : 61 : 1 
3a:«+y'=^244y> 3a:«=243y« 

a^= 81y« 
Thi» value of ai* put in equation (1), gives 

80y*=326 or . • : . y^9. ' 



PROPORTION. «1 

(10.) Let X and y represent the numbers ; 

Then a?+y=60 

. And . . ♦ • ary : x^~\-y^ : : 2 : 5 
Double the first and third terms, aud 

2xy : x^+ya : : 4 : 5 
Add and 9ubtract uid 

x^-^2xy+y^ r x^-^2xy'{-y^ : : 9 : 1 

60 : x—y : : 3 : 1 a?— y=20 

But a:+y=60 

(11«) Let 3x and 2x represent the numbers; 

3»+6 : 2a? — 6 : : 3 : 1 Hence, a:«±«8 

(la.) Let 16a? and 9x represent the numbers ; 
Then. . 16a? : 24 : ; 24 : »a: Hence, a?=2 

flS.) Let a? and y represent the numbers ; 

Then o^+y i a^— y : : 4 : 1 Hence, 5y=3ar 

« 
This reduced equation will be true if we take y=3 and 

jps=:5, or, if we ttke any multiples of 5 and 3, as 10 and 6, 

}5 and 9, 20 and 12, &c. Hence the answer in the book 

is correct, but many other answers are equally correct, and 

the problem is therefore indeterminate. 

Again let x and y represent the numbers f 

And a?3+y3 : x : : 102 : 5 

Or, a?3+^a;3 : a? : : 102 : 5 Hence a?= 15 

(14.) Let a? and y represent the two numbers 
Then, a:+y=20, and a? : y : : 9 : 1 



eSI KEY TO ALGEBRA* 

APPLICATION OF THE BINOMIAL THEOREII. 

(8.) To expand (a— 6)-*, we take formula (3). Then 
a^^Of a?= — bf and m=s= — 1. 
Hence, 

1 b b^ 
Or -+-T+T* ^^• 

b' 
(4I«) Take formula (1), and put ar=— . Then 

a( l^ -H &c. ) 

\ 2a« 2-4^ 2-46a« / 

J d d/ a^^\-i 

(5.) Expand = r=-( 1-i — I 

The numerical coefficients of this series must be the 

same as the last, because m is numerically the same ; Ae 

sign of the second and every alternate term will be minus. 

d/ a:« 3a?* 3-5a?« 3-5-7.t^ \ 

-( 1^ --{ — ^ 1 &C. ) 

c\ 2c^ 2-4c* 2-4-6c« 2-4-6-8c» / 

(-) (.■)<.^)'-('4)'=7.0^)* 

3 aj a?« 
Here ••••••• m=: — rm 

4 a a' 

X m— 1 x^ 
Formula (2) l+m-+ m* Ac. = 

a 2 a' 

/ 3 a:« 3 a:* 3-5aj« \ 

I 1 — _ . . &c. ) This multiplied by 

\ 4 a« 4-8 ii* 4-8-12(^ / 1- / 

«* .„ . /V .3a;* 8^* ^a* . \ 
the factor wul give \/ -I o* &c, J 

/a «^ 2« 2»a» aV / 



COMPOUND INTBKE8T. ^ 

(7.) (a+y)'»+==a"»+wa~->y+m!:5=iflr-«y«, Ac., and 
if 971=— 4, the series will be 

Or i_jy iOy» 20y3 ^^^ 



(8-) -rn:i= — 77=1 ^+-7 J ^^^ ^"^ '^t <>^ *^is 

/ . 6«\— I b' V4b^ V4'7b^ 
is. . .( i+— ) =1— — + i &c. 

Or =1— h-T r <fec. 

3a3 9a« 81a» 

COMPOUND INTEREST. 



(41.) The general equation is p^=a, and for this exam« 

plej9=s5, w^=(1.05) a=9, and n is unknown. 

Hence 5(l-05)"=9, or (I-05)"=l-8 

log. 1.8 0.25527 

Or ... . n= : -= =12.04 years, nearly. 

log. (1-05) 0.02119 ^ ^ 

(5.) 1000(l+r)«=1800 or (l+r)«=l.8 

By logarithms ... 6 log.(l+r)= log. (1.8) 

0-25527 

Hence . . . .log.(l+r)= =0.04254 

6 

By the tables we find 14-^=1*103, or, r=.10y';^, nearly. 

(6*) In this example the general formula is 

jd(1.04)*=350.9575. By logarithms we have 
log. p+4 log. (1.04)= log. 350.9575 

Or log.jo+0.06812=2.54525 

By reduction • • log. jp=2.47713 

Hence •..«•«•.•.. j9s3Q0, Jlna. 



^ KEY TO ALGEBRA. 

The genlsral equation applied to this problem fe * 

3600(1.05)"=5000(1.04)*» 

By reduction (L05)««: 1^(1.04)^ « 

n. log. (1.05) = log, f J+12 log. (1.04) 

n(0.02119)=0.14267+0.19236 

0.33503 

n= =«16 nearly. 

0.02119 

ANNUITIES. 

(6.) That is, the rent is an annuity to continue forever ; 

"what sum of money will purchase it ? 

p 3000 
The general equation is jP=~= — -=100000. 

(^•) The general equation applied to this problem is 

^'=!!^L(f^^)!=i2=.8750C(1.04)»-l] 

Log. d'= log. 8750+ log. ( (1.04)8—1) 

But (1.04)«— 1=.3685 

Loff. •/^'=3.94201— I. +0.56644=3.50845 

But the answer to the question is ^=-2;; (Art. 155.) 

That is by log. (log. P.)=3.60845— 0.13624=3.37221 
Or • jP=2366.46 ^ns. 

(8.) If no interest were required, the sum to be paid at 
each annual payment would be ll£± dollars ; but this must 
be paid and compound interest on the same for 1, 2, 3, &c 
years, up to 7. Call ^f^=^p. 

Let .^=(l+r)=1.04. Then by (Art. 153), 
The sum to be paid the first year must be jp^ 

• ••.... second year P*^ 

• . . third year ^ r - ^ - p^ 

• ••«»•••*•'..*•- last year ...•-'** •^ • * •" *p»ar 



Thii is a geometrical teriiiy «Bd Ht iom {Art 120} it 

1200 1.04 X, ^^ V B00.104 

Or, ««-_x— -((1.04)^-1)=== — X.3158 

7 .04 \ / 7 

Bat, if this sum is to be paid by seven equal pajments, 

eadi payment must be 

300X104 312 

X.3168= X81.68=M»01+ Jbu. 

40 49 

2§0 
(0.) Here P=^= — =$35714 ^ns. 
^ ' • r .07 ^ 



SOLUTIONS OP EQUATIONS OF THE HIGHER DX6REE& 
NEWTON'S METHOD OP APPROXIMATION. 

(1.) Given «'+2«^-*-23r^0, to find one rahie d «• ,. 

By trid we fiBd4hat one Talne of x is between ft and 9^ 
nearer 6 than 0; therefore, let a»5 andy» the remaising 
part of the root. Then x^a+y. 

, Expand, neglecting all the terms contaiaii^ the powers 
of y after the first, and we shall have 

a:*ao 4^+Za*y+ Ac. 
2x^=^2€^+4ay+ Si^ 
— 23x= — 23a— 23y 
By addition, 

«»+2«>— 23a^«a^4•^«— 28a+(8AH-4flM^)y*T0 
' In -this last equation we observe that a has the same 
powers and coefficients as x, and the coefficients Id y m^f 
be found by the following 
RnuB. Multiply e^cA cotffidmi tfx^y Us exponmit 



It KEieS'lV: 

TO Kftft ri>ift .if 
JToW v= Giving a its value, 6, w© 

have ys||s.l-l- Now make aasS^l^i mnd substitate 
•gain in the preoediof fonniila, we h$i?« at new Ttloe of y* 

Thus t/= ^=.03 Now make a^d; 13, and substitute 

^ 75.43 

again, ini our new Taiu6 of y will be .0045784- Hence 

a+y or a?=5.134578+ 

(*•) Given a^— 3a:*4-75««BlOO00, to find one value of x. 
By trial we find x must be neat 10. Hence put a^s^lO 
and a:=a+y. "rhen by the preceding rulcf 
AOOOO— 75g+3a^— tf* — 450_ 
^^ 4a»— 6a+75 " 4015™ ' 
Now make aa i Q.^. 11= 0.^0. If we have the patience 
to substitute this value for a in the equation, we shall have 
a MW^ridcNi toy^ true td 6 or 7 phtee« ef dccimriB^ an4 of 
mt^m « f^u* (9 Of te tke salnf degrise of eaiaelfi0»H 

^) Giteti Sa**^-4l5aj*— ll«»*-14iH-iO=«e to find ond 
value of 0?. ^ 

By trU we iiad lliat x must be ntor 12. Let a»)2, 
and af=tf+y« Then by ih^ nde 

— 30+14«4-Hi«?+«Ni»-*-3*« —6 

ysB s=- s-s 001 12 

^ 12«»— 105tt2-^2«tt— 14 5338 

Hence * . . a:= 12— .001 12= 11. 99888, 

We find by trial that one value of a; is mpre than; % Put 
«==<»+3fr and a«7. Then by tlie rule 

1560+2a+3a«— 5(i« ^ ^ . 

y= ^TT-- =.00867+ 



CHAPTER m. 
rOUNGn! METHOD OF RESCOiVINa THE HIOHER EK;IUATI0N& 

This is really Homer's method, but extracted from Toong. 



(••) Given a:*+7a:=1194, to find tiie valaes of a?. 
We perceive by inspection that one value of x must be 
more than 31 ; therefore put r^31. 



tf '1 !**■ • • • « 


• 98 
31.2 


1194(31.2311+ &c 
1178 


a+2r+9 


ed.2 


1600 


*+# 


28 


1884 




69.43 


21600 




31 
00.461 


20829 




77160 




&c. 


69461 



d^c. 
As {tit sum of the two roots is equal to -^, &e. other 
IfOdt must be — 88.2311+ 

(T*) Not necessary to have place in a key. 

(8.) Given 2^21a^x^l4591760730^ to find one value 
of X. 

In this example the pupil might be at a loss as to ihe 
most expeditious manner of finding r by trial. 

. Conceive — ilx not to exist; then the value of a: wiH be 
the square foot of the absolute term ; but this term has six 
periods of two figures each, and the superior period is 21. 
The greatest square in thitf is 16, root 4 ; hence r must be 
«t bast 400000, six places ; try this number. 



KET TO ALI^BHA. 



— «-|-r. . • • S399979 
r+« . • • • 460000 


214591760730 
1599916 


(400000=r 
60000»# 


^+2r+8. . . .859979 
$+t . . . 63000 


5460016 
, 6159874 


3000»^ 
200=ii 


a+2r+2«+^ .922979 
3200 


3001420 
2768937 


60=x» 


926179 
250 


2324837 
1852358 




926429 
51 


4734793 
46^145. 


.x»i46ia51. 



926480 926480 

926480 V 
As the algebraic sum of the two roots imist^make 21, 
(Art 156 in theworic,) therefore the other root must be 
—463230. 

(9.) Given 7jr^ — 3ii?=r375, to find one, value o£ x* 
Or ar'— ?a:=»»^». Put«=|y. (Art! 166.) 
.V« By 375 



Then 



L=a Or y^— 3y=375X7«2625. 



49 49 7 

In this equation we perceive that y must be more than 
the square root of 2625, that is, more than 50. Hence pu| 



— a+ r . . . *. 
9+t 


.47 
52 

.99 
2.7 

1017 
75 

10245 


2625 ( 52.756+ 
235 

275 

198 




7700 „ 52.766+ 
7119 »«»^*==- 7 '• 


I '. 


581 OO 
51225 

68Q'5 



=7.'+ 



XQCATioNa at 

. {M.) Cdvm SsE*— lljr»-^7i, to find oneiraliie of IT. 
Or a:«— ya?=;=— '/ Put ar=4y. 
Then • . • Jy^— yy== — y or. * .y*— llyasr — 15. 
nn this equation One value of i/ U between and 10 ; 
therefore put r=9. 
.^^4. r. .^^.^2 ~15 ( 9.405124838+ 

r+9 9A —18 



— a+2r+« 7.4 300 

«+^ 4 296. 



7.805 49000 

51 39025 



78101 - . ^7500 . 

12 78101 



r- 



781022 . . .193990a 
24 1562044 



7810244 , . .377866 

The dhrision if not carried out for the last three fi^resr 
Hence one value of y is 9*405 124838-|-, anj as the two 
values must maka 11, (Art. 166), the' other value must be 

1.59487SI6i:» 'But x=iy, therefore 

ar=.797437580+ or, a?=4.7025r6241d+ wfni. ' 
(11.) Given isl^+^x^^j, to findone vake of* ar. • 
Ora:«+la?=|f or» a»+.8x= 0.848484848+ 
Here it is obvious that x cannot b^ 1 ; f^y. tjrial, -we fi,i|i 
it must be near .6 ; fherefi^re r=s6. 
a+r 1.4 0.8484848484^.(0.604233+ 

' ■ f+# 60 84 

2004 8484 

42 8016 



20082 46884 

23 40164 



672064 



KEY TO MOKBRA. 



We MMt fewMl ennaptai •• dwy P««n» «» >*»®'*'^- 



CVBIO EqvA'noi(& 



(».) OWm a?+tte»— «»x=70. to fin* one rdtfe ef «• 
By trial we find x must be a Utde over 8; thetefor* 

r=6, ^=2. ^=— M, JV=70. 

B —83 

r(r+^ 35-\ 



.73 

.i7n 



Isi DWicM 12 

,* 25 

B" 

2d Di*i«or • ....•• 7871 ^ 

^ _l^ 

ffi .7543 

♦(3$+0^- • • • ^^Q^ 

adDivifor 758«»» 

f' . • -• ^ 

^// . e 76^507 

61576 



. r ft 
70 ( 5.134 

60 

10000 
7371 

2629000 
2276697 



352303000 
305649104 



4l!i Divisor. . • * • • .76412276 

16 



Common division wiU give three or four more figiir#« to 
perfect accuracy. 

(4.) Given a:»_17a^+42a?«185, to find one value of «. 

Here w}=— 17, J?=42, j!V^«185, and we find by trial 
that X must be between 15 and 16; therefore r=15. 



ibm 



fa M pt et i oi^f ail irmiiw i ^ 




aiHMnQML 



n 



r 9t' 

180 

5000000 ' 
4154008* 



8077 ) 84§092 ( 407 
8298* ' 



16192 
14539 



9d Divisor 2077004 



|r«f*'-*|« «!••*« ♦♦■ 



1053.0 
.r9nl|iM4«M« 



Here ,^=1, JBs=0, r«7. 
». 



r(r+wJ).*. 
Ist Divisor 

» .... 



• 56 

•ii 
J? 

161 



(3f+«+.4)«. . . .1356 

2d Divisor. • . . 17456 
J» 36 



To^ 

164736 • 



19848 
2381 



ad Divisor • • • • 1887181 

I 



s 3264 
1887181 

)i 376819 



l88Qfi48a 

(i.) Oifea a»+lt)4:«+6««t60«» to find mio nJao^f x 



ff MmtlSQti 

Hort Jt^lOf J?»5, fnll« ..... 

B 6 taoa (41.000' 



r(r+wi).. . . 23n 

Ist Divisor • • • 236 r 
!*.• .•. ...12lJ 



2696 



8529188216 



B' 588 47Q8.U784 

{BR+u)u^.^* 198086 

^ ^ ^. . , ' .^^^^^ Cohtiirae by common divimoii. 
4th Divisor . . .688198036 / 

The four miscellaneous examples on pa^ 262, the ladt 

page of the school edition. 

(!•) Let x+y represent the greatest extreme, and x — j( 

the>Ml0xMme; then ^aB.tk^hanBoniealiMai. 

X 

By the conditions of the problem we hare 

2x+-^*»«0 ..•.(!) ani LlI?Liar576 • . ". (2) 

X a? , 

By reducing (1), and taking the 8<]^uare root of equatiom 
(2), we have 2a;«+a;»— y«=26» • • . ; • ; . . (3> 
, - . a^-y=24^F ... (4) 

By subtraction • . .2ac"a= 26a>— 24^ip 

If we put tJx'^Vf and reduce the resultipg ^qp^tipq, wf 
shall have . • . ^ • • «' — 13i;= — 12 

By (Art. 163) we find t;s=3. Hence xes9, dec. 

(9.) Let a?-)*y= the greater number, apd XrrU^ (hp left» 
Then by the problem we have x^6 

And 8a:»y+8jy=1040 

Of . . v . • « .y»+26y»^20 Hence . . /. . .y=l 

(S.) Let Xf y, and z represent the numben ; then by 

Ae problem a:+y+«=28 ...•••.... (1) 

a:+y^=»6l (2) 



r 

Byt wUkt^ip) ud (8) .w« bate (;r+y)+{^y)^»ttB 
But by equation (I), x+^«=28-*^ j there^ro^ 

28— -z+^Sz— z*=138 or . . ... v«.v;8:==5 ^ 
(4.) Let X, y, and 2r represent the numbers $ iben, 

< a:"+y»+;j»= 195 . ..(1) , 

a?+f+z^^l799 . . . ^ '• . . . . {2J 

ay2:=*385 (3) 

The form of these equations will not be changed hy ta- 
king X for z or X for y. A full and formal soTuiion of these 
equations would become tedious^ and to a\noid -ihiSy we unay 
venture a solution by inspection » As 196 and 886 both 
have 5 in Uie unit's place, it is more than probable that the 
value of one of the symbols is 5. Therefore assume z^6» 
This gives a:"-}.y*=«=170, and a:y=77, from which we find 
xtsj or 11, and y«ll or ?» and as 5» 7, and 11 will verify 
equitiaii (^)» Itus l«.a triia solution. 
The following examples are ia the University Edition ody. 

(6.) Find one value of x from 6x* — 6a?"+3«?=f — 85. 

As the result is negative, we will change the second and 
every alternate sign of the equation, (Art. 178), and find a 
value of X from the equation 6a:*+6x*+3a?=s85 • 

Use the formula of (Art. 194.) c— 5, .^—6, B^Z, and 

by trial we find r=»2. f g 

B v3 85(20, 

{cr+JJ^r* t • • 32"\ 70 

Ist divisor. • • 35 r 15 

CI*. ...... ,20 J 9.065 



87 5 935 

^ '"»" "T ; • * Continuing ihie we shall find the 

«d Divisor . • . 90.65 value of x to be 2.16399+, and its 
^*** • • ' ^ sigh changed will be the vlluatf« 

94.35 jix the (sifittileqiiatkm. > z 



fg KEY TO AlUMA. 

ft.) EM g ifom t»e eqqgtfom 18af ^^- ^ ^- ^y^t W ' 

Here c—l!^, jf -eJ, j9=-^. r^^S. 

JB .... ..^5 

(cr+^)r. * * * - lin 

I rtl 

l8t Divisdr .... lOB > 330 ( 8.036 

^'. ... - . . ..325 T^ 

{3c5+c/)^ 1U08 978^624 

94 Pimov« - • * 386U08 Miewt 

c(«. •.,..,.• 108 

— ' C^tiiam^ 4]«fi« 

3272524 
In the fame manner perfona (9) and (••) 

(ArttW^O > P3r»W3# 

(S.) Extract the cube root of 1^89*605'4«0»094'<W8. 

For Ae wie of brevity, take ra^ll, in jJaee of 1. 
lat Divisor. . .121 • r si 

B't±3r».. 363 l-352'605-460-504'6S8 ( 110593 

{ZR+i)t. . 16625 1 331 

2d Diyiaw 9646525 21 9Q6 460 

25 18 232 625 

3663075 3 372 835 564 

(3i?+tt)u- • 298481 3 29 9 453 370 

8d Divisor 366605931 73 382 215 688 

81 73 382 215 688 

366904443 
{9R+v)v . . 663544 

36691106844 
(A») By « table 6f cabes whieh tm to^OOO/we'pereeiw 
mt oiM ihat# ki M» tstmfde 4s 1% 



SQOATKttf «i 
Ist Diriso^* * '• -• • 280 ^ ^ 

ad Divisor 8927* 



5882074 { 175.2 
4913 



91875 
10504 



469674f 
446379 

23299000 
18396008 



(3J?+0^. . . . • 

3d Ditisor « • « « .^198004 4902992^ 

4 Compliete aholher divisor, 
9208512 ^^'^ continue as in simple di- 
vision; 

It is not iaiportsnt to show a solution fa. the rmnaining 
examples t^oijer this article* 

P^ 324. 



(I.) Change 


all the signs. 


then 




«•+»•+»»— ««=600 




r«4 




ri 1 


1 


—1 


500 ( 4 




4 


20 


84 


832 




5 


21 


ii 


lei 


1 


4 


36 


228 




^* 


5 


67 . 


311 




1 


4 

13 
4 


52 
109 




* 



1 17 



109 



911 



168 (.4 ite. 



(9*) Resolved in the same manner as (!•) 

(S.) The s%ns of all the tarme omst be ohangsd^ tlu^ 



«• 




SET TOrAimnU. 




ri« — e 


—11 


—20 .-^<a 




' ~.i 


-f.89 


—1.189 ^^.1189 


• 


—8.9 


—11.89 


-21.189' ^i:88II 






— 88 


— 1 877 


— 8.S 


—12.77 


-22.466 




— 87 






—8.7 


—13.64 





1 _8.6 —13.64 —22.466 — 1.88 11 (.07 Ac 
(4.) 3C^=sibQ00, Here all the eoeffieientJ are zero ex* 



cept the firs 


t, and r= 


5. 




r 


1 











=5000 ( 5 


5 


25 


125 


625 


S125 


6 


25 


125 


625 


1875 


5 


50 


875 


2500 




To 


75 


500 


3125 




5 


75 


750 






Ti 


150 


1250 






:« 


100 


• 




, 


20 


250 








5 










25 








« 


1 25 


250 


KJ50 


3125 


= 1875 (.4 


(5.) X^^ 


64a:« 
=s -. or 

a;^+2:c«+l 


r 


1 


2 





I 


=64(2 


2 


4 


12 


24 


50 


i 


6 


n 


25 


Ti ' 


2 


a 


28 


80 




4 


14 


40 


105 


• 



Conthme z» in last example* 



- zqD:iTiiflscBL T9: 

Ik tke editions of Algebra which were published prior 
to 1857, some few important problems were passed oyer 
in the Key without a solution. 

Thej were purposely omitted, aa an expenmeht« to dis- 
cover whether there wouM be any special call upon the 
author for solutions; and the experiment is now over. The 
call for their solution hiM been very fluent and earnest, 
Itott all parts of the country: aad ihU demonstrates &e 
importance of a Key. 

We now insert them, and some others which have been 
added to the enlarged edition, first published in 1858. 
' A more general Key to mathematical scienoe is {mb* 
lished in our Operations. In that work, the > advamie^ 
student and the amateur mathematician will find many 
curious and u^eftil problems, not merely in Algebra, but 
in Geometry and the higher sciences^ 

(Art, 107.) Example 18. 

Given .... ir-*l=24--7^ 

Place . ^xz=y. Then • y«— 1=24.? 

Divide by (y+1) then y(y— t)=J or y>— y=sj. 
Whence, ^ • ^s2 . or 1« 

(Art. 114.) EiAMPM 17. 

Let 4? and y represent the number. Then, by the given 
condition9, we have: « 

x+v^xy (1) 

and ary=a:* — y' (2) 
Assume ^==iy. Then t;y-fy*»*!y'» o^ y=l+- W' 
and Vrxi^V-^' ^ld=75 



w ucrtB 

Whence. . y=l±-j^=f|-^-| 

But, . . . *««y--^ • i^«K»±V«) 

Ejuxfui 3U (P«ct^ 189.) 
lei a? and y roprMoAt tk» number*. Theii^ by tiid girtm 

oondiUoDs: 

igi«=^^^ (1) 

AaranM #aBi)|r<. Ai&d this valxM of ^ pbaed in. (1) «nd 

(2L pioduoe 

ty«=v«y»— |(^ (3) 

Md t^y»4*y«=;sv3y»— y3 (4) 

Dividing (3) and (4) each by y'» and we obtain 

v=zv^—l (6) 

and t;»+l=;(»»— l)y (6) 

Obserre that (5) is a quadratic, and its solution gires 

2v==idc^5 cry ' 

Again: Add 2 to each member of (5), and we hare 

Also, multiply (6) by r^ and 

BlEit .,g> ,. J * « • ^ ., .. v,*=i;-J-l; ...;.., 
Whence, . 2v+ls=v*, and 2vs=v*— 1. 
Now, Equation (6) beeomes 

or , 4t;y=2v4-4. 
Substituting the valu^ of 4¥ and £v, as found in (7), we 
have 

2{l±75}y=:6±:V6 

Lastly, r==iir«*n=t./»H^««KV«=t«) ^»w. 



Another sohttiolii rnnj b« found fai *o«r MathtaittioaT 
Operfttionp* pages 116 and 1 i6« 

(Art. 204.) Example 1* 

jji--5a;'+6ar»— 1*=0. . 

Here the sum of the coefficients is zero, therefore one 
root is -f-1, and the equation is divisible by x — 1« 
Dividing by {*— 1), the quotient is 

Here, again, the sum of the coefficients is zero, show- 
ing that another root is -f-1^ and this, again, is divisible 
by (l^— 1)« The next qiK>tient is 

a.3^2a:»— 2a?— 1=0. 

Here, again, the sum of the coefficients is zero, show^ 
ing a third root equal to -(-1; and hence, we divide again 
by a;—.!. The quotient is • 

x»^Sx+\v=zO. Whence, «=3 —1 (3d=V5). 

1^. B.— We might hhrt taken «*-f «« — 4«*-f aH-l=0» 
and solved it by the rule (under Art. 203). 

8» ir«+5ar»4-2ar«+&r-fl«s0. 

ij the rule (under Art. 203) we have 

4.4^5a.» -}.( 2-f y )aj« 4-6a?-f 1 :==: V«' J 
Extracting ucpmm root, and 



B— U or «=dbV — 1; 



Or, fl.t^5j.3i_l «=xiK_5dbV21). 

8. a?^— 4aj9-f4a?— I=r0. 

(a.4_l )_4a;(aj«— 1)=0, 
Dividing by («* — 1), and ar*+l — 4«=0, or ar* — 1=0, 
Or . . a=dbl; or ««— 4r-f 4=d» x^idc^S. 

4. a:*-^^»+ac'— 1«+1=0. 

By the rule (Ar^. 203), add ^^z* to each member-^ 
then #4^|^a^^«3_||.^l«^t 

Square root; »'— i«4~l^>MK* 
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xs=zztj — If or «*j»2 OK i# 
5. &r*+8ar3+9a:^ -}.8ar+6=0. 

Add ... . 2x^ =:+y«« 

and a;*+}ar»+2aj'4.}a:+l= ?^ 

AQa • • • • 



25 25 



Square root, x^ +i«+J =i« J^F a quadratic. 



r»+(. 



4-^^ ^=-1 



6 y 



Place lzi5M=2a 4-V21«l<>^ 

Then .... g«+2ga?4-a«=a>— 1 

ig= — a ±:Ja* — 1 

Because a»=— i^/?5l^ J^TZTw imaginary, and, 

100 • 7 
therefore, the values of x are imaginary. 

6. 4a.e_24r» -f-STa;*— 7ac»4^57ir»— 14»4-4=«0. 

Divide by «'; then 

4ic»— 24ar»+57«~73+5!-?f+4=0 (I) 

' X sr x^ 

Assume «+-=y. Then 57«+^=:57y, 

ar«4.24.JL=y» — 24a?*— ~=48— 24y« 

Also, .«» +1+3 ("rr+lW', or a:34.^\«y3_3y, 

and 4a:»+-i=4y»— 12y. 
, I?* 

These values placed in (I) - 
And 4d(»— lJ^+48— 24y«+57y— 73«0 - ' ' 



Or 4y«— .24y«+463f— 25:«0, . (2) 

Hei^ the «um of the coefficients is lero* therefore, 
one value of y is 1. ^ 

Then a?4-l=l. Whence i^l^^t^' 

sr 2 

Dividing (2). by y — 1, and we obtain 
4ya_g0y+25=0 
Square root 2y — 5=0, or y«B|. 

1 

Whence «-|-_=s{, and ar=:2 or J. 

7. 4ar*4.3a:3— 8aJ«— 3a;+4=0. (I) 

Here the sum of the coeffloients is «ero. Therefore, 
a*= 1 for one root. Again, if we change the second and 
every alternate sign, we shall have 

4x4— 5;r»— 8ir»4-ar+4=50, 
and the sum of the coefficients is still «ero; therefore, 
ir=l in this equation, which corresponds to —1 in the 
given equation. 

Therefore, (1) has two roots, «=1 and^s — 1: hence, 
that equation is divisible «* — 1. 

The quotient is, Ax^-^-Sx — 4 =0, 



Whence «=- 

8 

8. a?*4.24iH»— 2«?«— «4it+l=rO, 

This, like the preceding, and for the same teMon, is 
divisible by x' — 1. 

The quotient is, a?*-f-24ar^-l=«0, . . 
Whence a:==:— 12d=^146. 

9. «*— 2a:3_7a;*— ar4-16=0. (1) 
Here the sum of the coefficients is 2ero. Hence, xssl 

for one root, and the equation can be depressed to 

a;3— AJ«— 8ar— 16=0. (2) 

Assume xssmP. Then 

Letn=4; then 64p3_]6P«_32P— 16«0 
Divide by 16, 4P^—P^^2P'^lmxO. 
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Here tlie eum of the ooefficienis 'iff sero. Therefore* 
P»l. But M^nP, and i»3s4, /^s;l. Whence, C3b4, for 
another root of the equation. 

Now (2), divided hj x — i, producei 

Whence arss"^ ^ Imaginary. 

AvoTBXB Solvtiok: 
The attempt to extract square root results as foUoirs: 



£«•— « — 2a?^+ g» 

— ap* — Zx 
If the remainder were -|-8a;' in place of -<-&r'» this ex* 
pression would be a square. 

It will be 8a^, if we add -f 16^' to each member. Then 
we shall have 

aj*-.2a?»4-«»+8«»— 8«+16= Iftr* , 
Or . . . (««— «j«+8(a?»— a;)4-16=:16ar». 
Square root x* — fl?-l-4=±4iP. 

10. 4f*-fap»— 3a:*— 4r+4=:0. (1) 
Here one value of d; is 1. Dividing by x — 1, we obtain 

x^J^Sa^ — 4=0. 
Here» again, x^sl; and another divitton produces 
ar«-[-4a?+4sas0. 
Square root . . (af+2) {«4.2)=x0, ««— 2 a >ii 2. 

11. a?*— 2ar»— 26ar«+2ftr+120— 0. (1) 
Assume «»-«P. Then 

n*P*— 2»»P»— 26n»P«+26nP+l«0i-i0 
p,_2P«_26^..26^,120^ 

n *i* »* •!* 

Letii-i 3, Then P4_}i>»_y^i^.||/>^j^,^, 
Or 277^*— 1 8P»— Tfii^'+seP-HO— 0. 

Here the sum of the coefficients is sero; therefore, P«»L 
But M—i 3, whence 9^^^. 
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' If in (3) we.asaame n=5, the coefficients will again be 
xero, showing that another root is 5. 

Now, equation (1) divided by z-^S or x — 6, or their 
product, will produce a quadratic which will give two 
other roots, «= — 2 and x * ■■ i , 

12. t*— ar»+2^«— a?— 0. (1) 

(x^—l)x^2x^(x-'l) 

As a; is a common factor, x=^; and (x — 1) is also a 
common factor, therefore a>=«l. Dividing by these &c- 
tors, we obtain a?"-|-a:-(-l=2a:. 

Or ;c«-..^r— 1. Whence x—L^hL 

2 
la a.4_4j;3^8«»— 32a:— O. (1) 

Or • » ^ • • (a?— 4)»3-f(a;— 4)8a?=aO, W hence «=:0, 
Or • •• «ae4, or »*-|-a?=30, or «e=it^ — 8. 

14. a?»+6a;«+3a?— 9=0. (1) 

Here the sum of the coefficients is zero^ therefore, 
^asl. And by division we obtain 

if«4^-|.l=:0. Whence «=— Sdr^B. 

16. «»+ar»— 7i»— 60=0. (1) 

Assume xssnP, Then 

n^ps ^6n«P»— 7«P— 60=0. 
Suppose n=3. Then 

3)27P» -L54P'— 2 1 P— 60=0 
9P^^IBP*— 7P— 20=0. 
Here the sum of the coefficients is zero; therefore, 
jr=3, for one of the roots of the equation. The other 
roots are — 4 and — 6. 

16. ar3+ar«4-17ar+10=0. (1> 

Change the 2d and each alternate sign, then 

x^—Qx^+llx-^lO^O. 
Here the sum of the coefficients is zero. Hence, x=sl 
for the last equation; or, x= — 1 for the given equation. 
Now divide the given equation by sr+1, and the quotient 
will be ^ jf»4.7x4-10— 0, «— -2 or —5. 



84 KEY TO ALGBBRA. 

17. a.»_292r«4.198«— 360— 0. (1) 
Place x^-mP. Then 

Then 

3 3 

3P3_29P«+66P— 40— 
Here the sum of the coefficients is 0. Therefore^ X tm\ 3 ; 
and, dividing the equation by (x — 3), we obtain 
«»— 26a;-l-120— 0, 

0^—6 or '20. 

18. 4r5— n2a?«+109ir— 27— 0. (J} 
Here the absolute term — 27 is not numerically large 

enough to make the sum of the coefficients zero; there- 
fore, we take an operation which will increase it: 

Place a?-^ Then 



1 



2 

4P3 112P^ , 109P 



.27—0 



8 4 ' 2 

Multiply by 2, and P3_5e/>a-[.i09P— 54— 0. (2) 

Here the sum of the coefficients is zero. Therefore, 
P— 1. Whence «— i. 

Dividing (2) by F — 1, we obtain 

P^— 66P+64— 0. 
Here, again, P— 1 ; and, of course, another root of the 
original equation is |, and it has two equal roots. 
Dividing (1) by x — J, and we obtain 
4a:»— llOar+64— 0, 
Whence .... a;— »27 



ON INDETERMINATE EQUATIONS. 



For the complete solution of a problem, we mu«t hare as 
many independent equations as unknown quantities to be 
determined. 

When this is not the case, the problem is indeterminate. 
For example, a?-f-y=20. a? may be one or two or three, or 
i, or any other number, whole or fractional, under 20, and 
y will take the remaining part of 20, and the equation is 
indeterminate in the strictest sense of the term. 

If, however, we restrict the values of x and y, to whole or 
integer numbers in the equation a:-|-^=220, x cannot have 
more than 20 different values, when, without this restriction 
X might take an infinite number of values, and still preserve 
the equation a;4-y=20. 

In some cases, the niunber of answers to an equation 
may be infinite, and the particular values restricted to inte- 
gers. The following is a general case of the kind 

ax — Jy=c. This gives xz=a, -31/^ where y may be any 

value whatever, that will give ^r^, a whole number, but 
< Of 

numberless such values of y can be found, as c^hy is a 

laagnitade that can rise higher and higher, without limit, 

•ocoidiag to the assumed value of |f^ 
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But tike y what we will, and the equation still exists* 
and therefore, the number of an8wer9 for x is unlimited or 
infiiute. In inch equations, if the Uoit valuc$ of 9 and y 
are required, we have definite problems. 

In equations like the following, a«-{-^=sc, the number of 
answers in integer numbers, may be very limited^ may j>e 
only one, or maybe impossible. The equation gires 

g— ^ 

a 
Now^ if c Is very large, and h and a small, y may faie 
many different values before €> — by is so small that we can- 
not divide it by a, and obtain an integer quotient 

When tf is not large in r^erence to b and a, we may ob- 
tain only one value of y and x, and if by making y=slf we 

c If 

find •^~, a proper fraction, the problem is impossible. 

EXABfPLE. 

3c4-^3r«13. ar= — ^~. If we take yoxl. aras-R-, 

not an integer, therefore, y must not be taken equal to one. 
Take y=2, then a;=l, both integer values, and the only 
integer values that will answer the conditions of the equa- 
tion. 3x-|-5y=6, is an equation in which it is impossible 
to give integer values to both x and y, because 3-f-5 is more 

than 6, or a4-J greater than e or is a proper fraction. 

a 

The equation aa;-|-^=c, is always possible in integers^ 
when c is greater than (ab — a — b\ and a and b prime to 
each other. The equation is sometimes possible, when e is 
not greater than (ab — a— 5.) 

The equation 7a;-f-13y=71, is impossible in integers, for 
both X and y. But the equation 7a?-}-13y=27, is possible^ 
jtfr=2 and ^3=1* Here a and b are the same m both 
equations. In the first equation, es71 ; c m 

Bot large enough to make the equation possible, for e^ 71| if' 
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not greater than (7'13 — ^20), but if c was any number greater 
than 71, the equation would be possible in integers, and it 
is possible with some numbers less than 71. 

If a and b are not prime to each other in the equation 
ax'\'bi^c^ c must be divisible hy the same number that di- 
Tides a and bj or the equation is impossible in integers for m 
and jr. 

Examples. 

1. Given er-f-9ys33. Or, 2a4-3y8 y. 

But if « is a whole number, 2x will be a whole numberi 
and by the same considerations, 3^ must be a whole numberi 
and two or more iohole numbers added together can never 
make a fraction, therefore the equation ^SH^^^^Vt ^' 
6iir-{-^^32, is impossible in integers. 

In cases where solutions are possible, our rules of opera* 
tion rest entirely on these considerations : 

Ist A whole number added to a whole number^ the turn it 
a whole number. 

2d. A whole number taken from a whole number^ the 
remainder is a whole number, 

3d. Multiply a whole number by a whole number^ and th€ 
product is a whole number* 

For instance, if « is a whole number, 2», Sx^ 4x^ or any 
integral number of « is a whole number. 

2. Given 3d;-4-&^»35, lo find x and y in whole num* 

Bers. «=— ^^. But as x is a whole number, its equal,^ 

35— 5v 
or — ~-2, must equal some whole number. 

But «^==iW+?:^. 

Now 11 — y being a whole number take it away, and 
the remainder — s^i must also be a whole number. 
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But y kemgf a whole number, -^ is a whole numbeii 

Therefore, -J^-f* — o"^^ o" ^ ^ whole number, which 
3 o o 

number call p. And ~ ' - =sp. Or, ys=:3p— 2. 

For the least value of y make j?=l, and y will equal l, 

36— 5v * 

and a?=s --^-2^=10. Make ^^=2, then y==:4, and ar=s6. 

Make lyssd, then jfssT, and a?=sO. 

Hence, yasl or 4, and o^sslO or 5, are the only results 
this equation admits o£ 

In (grating on the fractional expression — ^^j ii 



our object to tpork down the coefficient of y to 1. To accom- 
plish this object, we cast out whole numbers, add and sub- 
tract whole numbers in the shape of fractions^ A-c, only 
taking care to keep expressions that are equal to integers, 
until the coefficient of y becomes one. 

3. Given 35«r— 24^=68, to find the least values of a? and 
jfin Integers. 

The number of values in this case is unlimited. 
68+24y_ 33+24y 
""^ 35 ""^"1 ^35 

Hence, —1=--^== some whole number ; but -^ is also 

, 35y 334.24f lly— 33 
A whole number. -^ '^'^^ 'i^ — "^^^ mteger. 

33y-99_33^-29 
ur, —35— ^35 ^ 

35y 333^-29 2^+29 . , . . . , ^ ,0 

-o^ g^ — == —35— = a whole number, multiply by 18^ 

«d ?^±^=,+14+?J|?=a whole number. 
Theiefore 2^«;,/ Or, y=35/)— 3«. 
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Take j^assl for the least value of y, and ya=3. Therefore 

4. A man wishes to lay out $500 for cows and sheep: 
the cows at 17 dollars per head, and the sheep at 2 dollars. 
How many of each did he purchase ? 

Let x-=s. the aumber of cows, and y the number of sheep. 
Then 17a:-f-2^=*500. We know this equation is restricted 
to whole numbers ; because the man could not have part of 
a cow, or part of a sheep. 

To find the least number of co^ts, transpose 17a?. 

Then ^==250— 8r — |. 

Now as y must be a whole number, and 250 — 8x must 

also equal some whole number, - must be a whole number. 

That is, the number of cows must be an even number ; be* 
cause the number must be divisible by 2. 

Hence, 77=*^^ Or, «=2p. Make j>=:l, and ^i;»:2, the 
2 

least number of cows. Then j^=233, the corresponding 

number of sheep. 

Now if the man wished to purchase as few sheep, and as 

many cows as possible, we should transpose the other term, 

900— 2y ^ , 7— 2y 
thus: ar=— j-^-^=29H jy^. 

Therefore, ■ ~ = a whole number. Multiply by 6, 

and — — -^sssa whole number, to which add-r^ and We 

have ^|^^ as3 | ^ . Drop off the whole number 3, then 

ZJ^^p, Or, y=17p — 5. Making jJ=l, gives ^==12, 

the smallest number of sheep. This gives xme2Sj the cor* 
responding number of cows. 

The number of cows or x^ may be any one of the eren 
nnmben from 2 to 28. ^ 
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5. A man wished to spend 100 dollars in cow% sheej), and 
geese ; cows at 10 dollars a piece, sheep at 2 dollars, and 
geese at 25cts., and the aggregate number of animals to be 
100. How many must he purchase of each ? 

Let «=s the number of cows, y the sheep, and x the greefa 

Then - • - 10»4.2y+|«100. (1) 

And »+ y-+-;r =100. (2) 

Clear equation (1) of fractions, and 

4ar+8y+;r=«400. 
xJ^ y+^=100. 

39x-f7y =t:300. 

iras — ^ asT-l^— ^~^3sa whole number. 
^' ^V ~^ l^ ^^d "^ * ^^°'® number, wld^^ 

number. 

Therefore, ^^^=^ Or, y=39j^-S4=15. 

This value of y, gives x=5. Hence, 5r=90. 

If we take p=:2^ we shall have y=r54; then x will come 
a minus quantj^y an inadmissible circumstance in any prob- 
lem like this. Therefore, 5 cows, 15 sheep, and 80 geesei 
is the only solution. 

6. A person spent 28 shillings in ducks and geese; for the 
geese he paid 4s. 4d. a piece, and for the ducks, 2s. 6d. a 
piece. What number had he of each ? 

Let x=i the number of geese, and y the number of ducks. 

Then 62ir-|-30y=28-12. Or, 26a?+16y=168. 

We will now show another operation to reduce this kind 
of equations. 

Take the lowest coefficient, (in this example it is 16y) and 
observe wjtether it will divide the t>ther numbers or not If 
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it will divide, reserve the whole numbers, and omit the frae- 
tioni. In this case, 15 will not divide 26, and will divide 
168. The quotient will be 11, disregard the remainder. 
Now assume j?=a:-}-y — H. Then, since x and y are 
whole numbers, p must be a whole number. Multiply by 
15, and transpose, and we have 

15;,— 15a:— 1 5^^*:— 165. 
26a?+15y= 168. 

By addition, Ibp^lix ^S. Assume qsmw^. 

Then - - - - lly— lip— 11^=0. 
. Sum • - - - 11?+ ^P =*^ Assume rx=|^j.2f 

Or, 4r — 4p — SqszO. 

Sum 4r -[" 3^=3. Assume sssr^f — 1 

Or, 35— 3r— 3yag— 3. 

Sum, ... - - 35+ r =0. Or, r= — 3*. 

Now having worked down to unity for a coefficient, the 
problem is essentially reduced. We can make ^aeO, hence 
raeO. Then in the last assumed equation ^sl, and in the 
equation, r=:;)+2?, gives ^= — 2 ; and in the precedmg 
assumed equation, q^zx-^-p, that is x=3, and the first as* 
aumed equation gives y=6. 

Hence 3 geese and 6 ducks is the answer, and no other 
numbers will do. 

7. Divide the number 100 into two such partS| that one 
of them may be divisible by 7, the other by 11. 
Let tx=s one part, aiid lly=the other. 

Then 7a:+lly=100, and x and y must be whole num- 
bers. Assume j)=a?+y — 14. (1) 

Then lp^7x— 7y==:— 98. 

But 7a;+lly=: 100. 

By addition, - - 7j> + 4y=2. ^ 

Assume qssp^^. (2) 

Then 4^ — 4p — 4y=0. 

Add, and . • • -"4^ + Sp^i. 
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Assume rsiq-^, (3) 
Then 3r--3^— 3;?=0. 

By addition - - - 3/+ q ^^ Or, g=2— 3r. " 

Take r=0, then $^=2, and ;?= — 2, And from equation 

(2), 2= — ^2-|-y, or y=4, and lly=44, one of the nmnbew, 

and of course 56 is the other, 

8. Find a number which being divide by 6, shall leave 
the remainder 2, and the same number divided by 13 shall 
leave the remainder 3. 

Consider that in division, the divisor and quotient multi- 
plied together, and the remainder added, gives the number 
divided. 

Let N represent the number divided, x and jr the quotients. 

Then ar+2=N, and 13y+3=N. 

Consequently, 6a? — 13^=1, an equation in which x axkdy 
must be whole numbers, because they represent the whole 
numbers of the division. 

Assume pz=x — 2p, We take 2y because 6 isl contamed 
in 13, twice. 

Then 6p— 6ar-|-12y=0. 

And -.-•-. ftp—13y=l. 

Add, and - - - - 6p — y=l. Or, y=6p — 1, 

For the smallest value of y we must take ^=1. Then 
7=5, and I3y-f"3=^8, the answer. 

9. What number is that which being divided by 11, leaves 
A remainder of 3, divided by 19, leaves a remainder of 6, 
and divided by 29, shall leave a remainder of 10. 

Let N be the required number, and x, y, and z thd several 
quotients, and of course they must be whole numbers. 
Then llap+3=N, and 19y-f5=N, and 292r+10«=N. 

Hence, x^?^, and xrJ2^. 19y=29*+5. 



INDETERMINATB EQUAtlONS. ^) 

Or, 19^—295:5=5. 

Assume ^=y — z. (1) 
Then 19jp— 19y+19z=0. 

Add, and - - 19;? — 10z=5. 

Assume 5'=;? — z. (2) 
Then 10^— 10y+10g=0, 

By addition - 10^4- 9p =5. 

Assume rssj'-f-p. (3) 
Then . - - - 9r— Qq^ 9;7=0. 

Add, and - - - 9r+ q =5. Or, g~5— 9r. 

By returning to equations (3) and (2), we find f =10r — 5, 
and z=:19r — 10. Not only inu$t ;s be a whole numWi 

but lo make x a whole number, — "t. must be a whole num- 
ber. Substituting the value of 2: in this last expression, and 

. 651 r— 283 , , , rin ok 1 ^"^ 

iwe nave • a whole number, or 60r — 25-|* a 

^ Q 

whole number. Therefore, — -- must be a whole number, 

which call i] then r=ll^-f-8. Let ^=0,then r=:8, 2r=:142, 
and 29z+10=N=4148, the number. 

10. Required the least number that can be divided by each 
of the nine digits without remainders. 

Let a?= the number. 

Then 2> 3. -5. 5> g. ,. g. 9, must all be 

whole numbers. 

X X X 

Now if we make - a whole number -. and -■ , the 
double, and quadruple will be whole numbers of course. 
Also if - isf a whole number, will be a whole number. 

Therefore we have only to find such a value of x as will 

X X X X X X 

make ^, ^j Y' "a' v- whole numbers, -g-, may also 
Wcast out, on consideration that 6=2*3, and 2 3 are factors, 
ono rf 9, the other of 8, in preceding expressions. 
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9 X 9B 9 

Hence we have only to make -q^ -ff -^^ "g-i whole 
nomben. Put «s9p. 

Then ^=l4-§. Hence, p=8g. Then «=9p=s72^. 

-^a= a whole number. ^=r a whole number, or ^= ^+ 

y. Make -yssr, or q^lr. In the same way we find 

r=55. Take 5:^=1, then r»5. ^sSS. ffs72-35=2520. 

N. B. By the aid of the Indeterminate analysis, combined 
with some well known properties of numbers, we may some- 
times solve miscellaneous problems in a very summary 
manner. For example, we refer to the following. 

11. The product of five numbers in arithmetical progres- 
sion is 10395, and their sum is 35. What are the numbers I 

As the number of terms is oddj let x represent the mid* 
die term, and y the common difierence. Then (x — 2y)f 
(jju-y), X, (a?-|-y), («4"^)> ^^1 ^ *^® numbers, and their 
sum 5ffss35, or xzszt. 

Now as 10395 is the product of all the numbers,.? must 
be one of its factors. Therefore divide by 7, and we have 
1485 for the product of the four remaining terms, but as 
this number ends in 5, it can be divided by 5, and it is more 
than probable that 5 is one of the numbers, and the one 
preceding 7, therefore, 2 is the common difference, and 3, 
5, 7, 9, and 11, the numbers. 

12. Given the sum of the squares of three numbers =:195, 
the sum of their cubes =1799, and their continued product 
sb3%, to find the numbers. 

By the common rules, without considering any circum- 
stances, this problem would produce equations of high order, 
and difi[icuh of solution. But let us call to mind the fact, 
that the numbers cannot be fractional^ if they were, their 
squares, cubes, and product would not probably cQtne wholi 
mmbers. Also» some of the numbers must be under 10; 
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if even two of them were over 10, the cubes and product 
must be larger than the numbers mentioned. «JProm consid- 
erations like these, we decide that the answer must be whole 
numbers, and some of them under 10. Now as the product 
of the three is 385, and the sum of their squares is 195, 
both numbers ending in 5, it is so probable that one of the 
numbers is 5, that we shall so consider it, and let x and jf 
be the other two numbers, then a?*4-y*+^— ^^) ^^^ ^*y 
n:385. Equations from which we readily find one number 
to be 7, the other 11. 

Now by trial we find 554-7'+ll'=:1799, and therefore 
these are in fact the numbers. 



Section XX 



To determine the number of solutions an equation 
may admit 

It has already been observed that an equation in the form 
of ax-'^4>ysxc admits of an infinite number of solutions, 

as a:s= ' ^ a quantity all positive, and the only restriction is 
a 

to assume y of such a value that the numerator may be 
divided by a, s 

But equations in the form of aa:-j-^y=c. Then xss-—^ 

and the numbers of solutions depends on the relative values 
of c, b, and a. 

If c be very large in relation to b and a, as we have 
before observed, the equation may have many solutions, 
otherwise not. 

We come now in a general manner to determine the num 
ber of solutions an equation of this form may have. 

Let oiB-^byssc. Assume ax' — ^/^^psI. Which equatioa 
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is always possible, and from which sf and 1/ can be tmowii 
in integers. 

Multiply the assumed equation by c, and aca/ — hcy'^^e. 
Put the two values of c equal to each other, and 
ax'-\'hy^= acx' — hci/ 
x^csf — h[y^cy^. Or, ar=cj?' — hm. (1) 

yzsza C^T^ j — cy. Oi,y=am — cy\ (2) 

In these theoretical equations, (1) and (2), m has diflerent 
values, it being an arbitrary number taken at pleasure, so 
that ca/ may be greater than bmf and am greater than cy' to 
render x and y positive. 

But if no such value of m can be found, it is proof that 

values of x and y do not exist in positive integers, and on 

the contrary as many suitable values of m as can be found, 

80 many solutions will the equation admit of, and no more. 

Now as - - - mb'*^cx\ and am^cy* 

r^ ^cx' , ^ cy* 

Or, «i<r-i-5 and m >-^ 

That is m at the same time is found to be greater and less 
than known quantities, therefore its limit or rangt is found. 

For instance, if m must be greater than 30, and less than 
40, we conclude that it may be any number between 30 and 
40, and the numhtr of different values it can take is 9. 

We perceive that the difference between the integral parts 

of T and — will express the range of m, and the number 

Cb 

of different solutions which the equation admits of, (except 
in certain cases; ) as m is more than one of these fractions 
and less than the other, the difference between the expressions 

--- and — is sometimes one more than the number of dif- 
b a 

caf 
ferent values of w, such is the case when — is an integer, 

in such cases, subtract one from the difference of these quatt* 
tities for the range of m, but this case very seldom occmi. 
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ex Cf/ 

' N* B. Ill roakinf use of the Expression -^ jmdX osre 

O d 

must be taken, not to take their difference as factional ex- 
pressions^ their absolute difference is not wanted, it is the 

tlifference between the integral parts of -y and-=-. 

Example. 
Bequlred the number of integral solutions to the equation 

Find the least value to a?', y' in the equation 7*' — ^^/^l? 

7x' — %' ss 1 . Assume j)=sx' — y* 
Then - ■ 7;?— 7a?^+7y=0. 
Add^ and, Ip — 2^=1. Assume q^^dp — y^ 

Add, and 2^-|r p^h Or, j>=sl— 2y. 

Tal^e ^'sssO, theQ |3i=l. ^=3. «'=s4. 

_,, car' 100-4 . cy' 100-3 

Then -r=^— tt- w^d -^=^ -^^i^ - 
A 9 a 7 

Thatis^=:44f and ^'=425. 

^ a ^ ! , 

Disregarding the fractions, the difference of the integral 
parts is 2, that is thert are two integral solutions to the 
epuition. 

If we had taken the difference between -7; --• in #* 

ft 7 ' 

fractional form, thus: -^g — ^^-^ =_«:13 7. 

Here the integral difference is one, which without i\^ 
caution might be taken for the number of solutions. The 
integral difference in this ease . is not the difference, of th^ 
integrals. 

Obierve in this example 44^ and 42^, ihe^ fractional part 

CSt Clf 

of -T- is \, and the fractional part of — is ^, the former is 

less than the latter^ in such cases the integral pi^ts mustbi 
taken separately- 
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' But wheii the fraetioiml part of -r- li not less fban the 

fractional part of — , but equal or greater thfin it, we may 

find the number of solutions by taking the difference of the 

expressions -^ ^. Reduce to a common denominator, 

and take the difference of the numerators, and we will have 

-^ — ~^ ; but ax'-^hy'^sz 1. Therefore, we have --j 

fox the number of solutions, at once. 

Example. 

What number of integral solutions will the equation 
ftr4-l3ys=9000 admit of ^ Ans. 17. 

9X13=117)2000(17. 
But as we cannot know whether the fractional part of 

-T- is not less than the fractional part of — we cannot be 

sure that dividing c by ah will give the true number of solu- 
tions. It either will be the true number or one less. 

The equation 5ir-4-9y=^ adynits of no solution in whole 
numbers, cs=40 will not be divided by a5=45. 

Now take the equation 6x'-^9y'=l. And we find X^ss2, 

csf 80 cy' 40 

Therefore, -r-os . - =s=8f , and — = ^ =8- Now as there 

is no difference between these integral parts, it indicates as it 
should, that there i^ no solution. 

But let us take 6a?-|-9^=37, the same equation, except a 
smaller value of c. If c would not divide by ah before, 
much less will it now. Yet in this last equation we have 

a solution. jc'=2, /s^l, as before, and c=37, -^=^—=8$ 

and ^2=:-=^ a=7}v Here the difference of the integrals is 1| 
and indicates (me solution. «sr2,,y»3L 
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How many solutions will the equation 52as{-5ysK40 admit 
of? 

The auxiliary equation 2a;' — 5y'=:l, gives xe^zisS, y'asl. 

—^ 24. ^'=;=20. ' Or, 4 solutions. 
b Ok 

cjp' . . 
But ohscrve that -^ in this case, is a complete integral, 

5^4 ; agreeable then, to previous considerations we must de- 
duct one, and the number of solutions are but 3, as follows: 
-#s=5. 10. 15. ^s6. 4. 2, and no other solution can be 
found. 

What number of solutions in whole numbers can be found 
for the equation 3ar-|-5y-|-7z=100. 

As X and y each cannot be less than one, z cannot be 

greater than ^ = 1 3|. Thatis, z cannot be greater 

than 13, in whole numbers. Now suppose 5r=l,nnd the 
equation becomes 3a?-(-5ys=93. 

The number of solutions for this equation, found as pre- 
viously directed is 6. rri,„* ;« $ « == 26. 21. 16. 11. 6. 1. 
^ That is J ^^ 3 g 9.12.15,18. 

Now X and y ican make these 6 changes, and z be con- 
stantly equal to 1, arid, satisfy the primitive equation. 

Take jrc=2, and the equation becomes 3a?-f-5y=86. 

This equation has also 6 solutions, z being through all the 
changes of x and y equal to 2. 

Now take 2r=3, then the original equation is 3af-}-5y='^ 
This equation has five solutions. 

Now take 2r=4, then 32:-|-5y=72 This equation has 
fear solutions. 

Take 2:=s:5, then 3a:-|-5y=65. This equation has four 
solutions. 

Take 2r=:6, then 3a;4-5^s68i This equation has four 
solutions. 

In this manner, by taking z equal to all the iategers up 
to 12 in suclession, we find 41 solutions. 
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THE DIOPHANTINE ANALYSIS. 

The Diophantine Analysis teaches how lo find squaro 
and cube numbers under given conditions^ or haTing givea 
relations to each other. 

Examples. 

Case 1st. Find such a value of or as will make the ex- 
pression az-{-b a square. 

Put 0x4"^= w* J »^ being any square, it is, therefore, an 
indefinite 'problem. 

From the equation x=^ ; take n equal to any num- 
ber whatever, and a and h being known, x becomes known. 

Eight times a certain number added to 9, makes a square. 
What is the number % 

Let a? = the number. Then 8a;-|-9=7i*, that is any 

$q%ar4. «=ts8, fra=9, and a;= = — 5—. Assume n 

=&7, then «=5, the required number. But there are many 
other numbers that will answer the condition according as 
we assume n more or less. 

Find a?, such that the following expressions shall be square 
numbers. 

'^ 9x+9. 7a;+2. 3a?— 6. x+\. 

All these correspond to the general expression aa:-}-^. 

Case 2d. Any algebraic expression in the general form 
of ax^-\'h9i may be made a square by supposing its square 
root equal px] x must be in some part of the root, because 
the expression contains a?', that is some functicMi of «. Now 
iipz is the root, ax^ -^^bx^^p^ x^ . Divide by a?, &q . and we 

have xzs—^ p may be any assumed value whose 8q;aas% 



V 
it greater than «. 
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EXABIPLES. ••' • '• - "• ' '•* • 



Six times the square of a ceitaii\'iy:y[pj)^^i;^ ad^te^^fisfir^. 
dmes the number is a square. What is the number 1 

eaj«*f5»«=j»»a?«. Or, «s=_— . 

Here it is obvious that p' must be greater than 6, other- 
wise it is unlimited. Take ^=3, then x=: | = 1|. 

x^ 
Find the yalue of « to make -o+^ ^ square. 

Ans. a:=6. 

Case 3d. Any algebraic expression in the general form 
of x^dohx-^c, can be made a square, by putting xdzp equal 
its square root. 

We call if we please tak6 x--p for the root in all such 
cases. Then ifp is less than a?, the square is diminished, if 
greate?, the whole root will be essentially minus, but the 
square will be plus, and may rise to any amount. Therefore 
9 — p is far more general than x-{-p. 

Case 4th. Any expression in the form of ax^dcbx^c'j 
can be made a square, by taking its root equal to cdbpx. 

It will be observed that « must be in the toot of the pre- 
vious expressiody because it has «', and c must be m the root 
of this- last expression, because it contains c^. 

In the first we have w'zt:bx'{'C=zx'dz2pX'\-p*. Oi^ 
p^ — c 

In the second, x'zkibx'^-c'ssc'zti^px^p^x'. Or, 
xdbbss db3cp-\'p^x. Or, xzss - .^2 In both cases as- 
sume p of any convenient value to render z positive, and as 
small as possible. 

Find ft number such, that if it be increased by 2 and 5 
separately, the product of the sums shall be a square. 

Let a?=»thc number, then («4.2) (a?-f-5)==««-4.74^|-Mi 



109 KB7 TO ALQfiBBA. 

ttust be a square. 'i=t, c=s=10. General solution, «=~-—i 

• • Now^^'Iniwt- bem'cHrethan 10; hence, take pa=4, and 
ffs=y*j=|, the least number that will answer the conditions. 

CaseGth. An expressioii in the form of ax'^bx^e^ 
where neither the first nor the last terms of the expression 
are squares, neither branch of the root can be directly found| 
and the expression cannot be made a square, unless we can 
separate it kto two rati&tuil factors^ or unless we can Brst 
subtract from it some' simple binomial square, and can then 
divide the remainder into two rational Actors. . 

By reminding one of the nature of quadratic equationSy 
all may perceive that the expression ax'-|-&c4-c must be 
the product of two Actors, but whether rational factors or 
not is the subject of inquiry. 

To find the factors which make the product aa?*-4-&p-}"C, 
put this expression equal to 0, and work out the values of z 
thus, ax'^^bx'\-c^0. Or, ax'-^^bx^ — c. Complete the 
square, and 4a^z^'\Aabx-\-b'=^b'^ — iac. 
Or, 2ax+bz= ±:J { b^^Aac. \ 

We now perceive that the values of x must be rational, 
provided J [b^ — 4ac\ is a complete square. If it be so, let 

Then the two values of x are x= m and xsssUj and 
(x-^m) (xr-n)^ are the factors which will give the expression 
ax^-^-bx-^c. 
' ' Examples. 

' 1. Find such a value of a? as will make Qx^-^-lSx-^ a 
square. 

, Here a=r6, i=13, c«6. ^2=169, 4ac^lU, i'-'^ac 
«25 and ^ J^^— 4(ic}=6. Now iac+l3=d=5. ar» 
Or, 3x-|-a=:0, and ^-[-3»a 



That 18^ (8l^44i) (3«sf-3) will produce the •xpnisiott 

Now to make the expression a square, put 
(8a4^) (ta4^>«:;)?{3a:4.2)» 

Then 2a:+3=;»»(3x+2.) And zJ^^^. 

Take ;>=1, and \x^l. We might haVe seen at first, 
that in this particular expression^ the value of x heing l, 
would make it a square, as 6-}^13-|-6s25, a aquare. 

That is in all cases when the sum of the coefficients 
make a square numher, the value of x may he one. 

2u Find such a value of x as shall render the ezpressioii 
13ic'-f-15ar-f-1' ft square. 

Here as neither the first nor last terms are squareS| noi 
(**— 4a6 a square, the expression cannot he made a square, 
unless we can separate the remainder into factors after taking 
away some simple square. But in this case, 4ac is greater 
than b^y we must then, in subtracting our square, diminish 
a and e and increase k 

To accomplish this end we will subtract the square of 
X — 1, not a:-f-l. 

That is iac»-f 15a;+7. 

Subtract » x^— 22:4-1. 

Remainder,- - - -' i2x^ -^-llx+Q. 

In this last expression, ^=12, ^=17, c==6. *Hence^ 
h* — 4ac=289 — ^288=1, a square; we are now sure ra« 
tional factors can be found to produce the expression 
12a:«+17:i' + 6. 

By assuming 12« -{-170.4-6=0, and finding the values of 
• by the quadratic, {merely to get the factors,) we find 
arte— f , and ir=— |. Or, 3x4-2=0, and 4*4-3=0. 

And (3*4-2) (4a:4-3)=12r»+17*+6 .♦ 

*Th« values of x ased to obtftin Uiom factori hare no conaictlci wtXk tht ; 
«•!«•• of s io r«ii4«r the ori|;in«l •zpreaUm it ifiuft.^ 
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NMf tke cfigilMl expi esnon ii the Mm^ a9 {» — 17+ 
(ar-1-2) (4c+3.) Put its root equal to (a^— l)^-y(ac-j-2^ 
and square this root, and: 

{»- l)'+(ac+2) (4»+8M^l)*+%<«^l) (ar+ 2)+ 
/{3a?4.2)«. By reduction, 4^f3 = 3p(a^— l)4^(ar4-2. 
Or, (— 4+2p+3p'>=2p-f3— 2/?». 

Therefore, ^^^* 

Take j7==l, then 2;=3, and ISx'+lBar+Tss 169 a square. 

Kyan makes a; in this example equal |- and the ezpressiol 
equal ^ ^ a square, but an integer number is always more 
Mitis&ctDry. 

3. Find such a value of a? as will render 14^-f-5a? — 39, 
a square. 

After a few trials this expression is found to be the same 
as (2a:— l)*-f<5a?— 8)(2ir-|-5) Assuming its root to be 
2a? — l-f-K^ — ®) Then by squaring the root, making it 

equal to its power, and reducing, we find *»^x^^o* 

' Assuming ^=sl, x^sz\'^ and the expression equals 36, a 
square. Other values can be found, by assuming different 
values to p, 

4. Find such a value of a? as shall make f^'^2li>^J28 
a square. 

After a little inspection we find this expression equal to 
(ar-l-4/+(a:+l)(a;-|-12.) Now if we make 

(x+4)«+(a:+l) (a:+12)= {(a;+4)-p(a:+l.)}» 

After reduction, we shall fimJ x==i?i^^. 

P — ^P — 1 ' 
Assume p^4f then «=4j and the original expression is 
144 a square; 
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IfUfcft fiF*!,. jTsvS, and we might find ma^y oUler nioibeis 
|];ilit would answer the ccmditions of tke expression. 

Case 6th. When we have an expression in the form of 
«.*flf^-f"&r*-|*caj^-|-«^a?+«, w© can assign a valae to x that will 
make the whole expression a square, if we can extract 
ihtee iermf cf iU ro^. 

Assume such terms as the whole root, square the root so 
assumed, making it equal to the given expression, and by 
reducing, we shall have a value ofx which will make the 
original expression a square. 

Example. 

. Find such a value of x as shall make 4a:*-J-4«*+^*'+ 
2x-— 6 a square. 

We commence by extracting the square root s^ far ai 
three terms, and find them to be 2A^-|-aN-{-|. Now assume 

Expanding and reducing, we have 2x — ^*»~ff"+f3* 
And xt=cl^. 

Essentially the same method must be pursued in othet 
problems of the like kind. 

Case Tth. Find such a value of « as shall render 29^-^2 
a square. 

Expressions of this kind, when neither a nor c are squares^ 
nor 6* — iac a square, and which cannot be resolved into 
fectors, presents an impossible* case, unless we can first find 
by inspection, some simple value of x that will answer th# 
condition. 

In the present example, it is obvious that if «»!, the 
expresakin is a square. But we wish to find other values than 
1 that will render this expression a square, and having foiHid 
that one will answer, we are now enabled to find other Tal* 
ues, thus: 

Let «=: l=by. Then «»=l±2H-j^. 
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And 2i;'4-2«sr4db4^2^. Here the originiil eiq^feiiiai 
it transformed into another expression, having a sfuare for 
its first term. 

Now we must find such a value of y as shall maks 
4*(_4y-j.2(y' a square. 

Assume 4-|-4y+2y'= (2 — »iy)'=4 — ^vi^-^m^. Or,- 

4-[-2y= — im-{-m'if. Hence y^^S^ j ^ ^^Y ^ *^y 
number greater than one. Put f»=32. Then y=6, and 
a:=l-[-y=7, and the original expression 2a:*-j-2=98-["^^* 
100, a square. 

N. B. It often occurs incidentally in the solution of prob- 
lems, that we must make a square of two other squares. 
This can be done thus : Let it be required to make a?»-[-y* 
a square. Assume xs=zp^ — ^», and yz=s2pq. 

Then, a:«=p*—$4> '?'+?*. 

And, y2_-. . ^2^2, 

Add, and - - x^-[-y2=p*+2p* j"-|-^, which is evident! j 
a square, whatever be the values of p and q. We can| 
therefore, assume p and q at pleasure, provided p be greater 
than q^ 



Double and Triple Equalities. 

In the preceding section it was only necessary to find such 
a value of the unknown term as to render a single expres- 
sion a square. But there are problems where it becomes 
requisite to find such a value of the unknown term as to 
render several difierent ej^pressions squares at the same time. 
And this is called double and triple equalities. 

Cabb IsT. As a general equation for double equaKty, let 
k be required to find such a value of jr that ox-^i may be 
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a square, and the same v^ue of x give cx^ a square* 

ta h 

Lcta«?4-ft=/*. Thena?= 

* a 

And cx-\-d=zp-. Then a?=? . 

Therefore ■ ~ =3 2- , Or, c < * — ci *: « y «— oi, 

a c 

Tranpose cb and multiply by e and we have 
c*t*='acp^'\-c^d — acd. 
As the left hand side of this equation is a square, iohat- 
ever may be the values of c and t, it is now only requisite 
to find such a value of ;?* as shall render the other side a 
square, which can be done by some one of the artifices in 
the preceding section. 

To illustrate this we give the following definite prqblem. 
The double of a certain number increased by 4, makes 
a square, and five times the same number plus one, also 
makes a square. What is the number 
Let X represent the number. 

<2— 4 



Then 2a:-|-4=-<» 
And 5a?-|-l=;?' 



> From which •< 



Hence 5^2_20=2p2— 2. Or, &t^=z2p^^l8, multiply 
by 5, and 5»(3 =10^2+90. 

The left hand side of this last equation being a' square, 
whatever be the value of ^ it is now only necessary to 
find such a value of ^' as to make 10^'-f-90 a square, an 
expression which corresponds to case 7 of the last section. 
We therefore cannot proceed unless we find by trial, by 
observation, by intuition as it were, some simple value of 
I? 'that will make lOp'4"^ ^ square; and We do perceive 
that if ^=1, the expression will become 100, a square. 
' Now if p=l, it will give a definite and positive value to 
ss^ and the problem is solved. If not we must find o&er 
values of f^ 
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But we have found that x=z-— — , and if ;?=1, a;=»0, 

and the original expressions 2x-f4, and hx-\-\^ become 4 
and 1, squares it is true, which answer the technicalitiesj but 
not the spirit of the question. 

To find another value of'p. Put p^l-^q. Then 
10^2^90 = 100-1- 2()p+2^«. To make this a square 
assume 100-}-20g-j-2j2^(10— »^)»=rlOO— 20»</-f-»«^«. 

By reduction, q=: 2 _|io ' ^^^ ^ ^^^ ^ ^^ taken, 

that n^ is more than 10: take n=5 and ;=%, P=^i ^^^ 
c=16 and the original expressions 2x-j-4 = 36| a square 
and 6a:-f-l=8i; a square. 

Case 2d. A double equality in the form of ax^-\-bzv=i Q 
Uid ex^'\-'dx, also equals a square, may be resolved by 

making «=— , then the expressions will become — (o^^y) 

and — {c-i^dyy^ which must be made squares. 

Bui if we multiply a square hy a square^ or divide a 

tquArehya square^ the product or quotient will be square. 

Now as each of the preceding expressions are to be 

squares, and as they obviously have a square &ctot ~ it ii 

only necessary to make a-^-hy, and c-^dy squares, as in the 
first case. 

We may also take another course and assume az^'-^bx 

•c^'a:*, which gives xss ^ which value put in the other 

expression, and we have c(-A.y+i^L-^„a. 

Multiplying this by the square (^'*-^)', and the expres- 
aioa becomes cb^ — dbdr\-^bp^sssBomie^ aqimre^ from wbkk 
the value of p can be found and afterwardi «. 
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A certain number added to its square, the sum is a squarai 
Itnd the number subtracted from its square, the remainder is 
a square. What is the number? 
Let a? = the number. 

Then x^-j^s^Q, And x' — 0?= some other square. 

Assume «= — Then —( l-|-y )= D . 

Andl(l-3r)=D. 

The problem, ^ill be solved if we can find such a value 
bf y, as will at the same time make 1-f-y and 1 — y squares. 

Therefore put l+y=p«, and 1— y=ay*. 

From the first, y=j>* — 1. And yssl — q'. 

Therefore, q^:m2 — f^. As ^ is a square, we have only 
to find such a value of p', as shall render 2 — ^' a squarec 
But this cannot be done unless we can find some sim]^ 
value of p by inspection, and we do observe it must be oneu 
Bat p being equal to one, gives ynO, which will not answer 
the conditions. Therefore, let prsl^. 

Thai »— p«s=l— 2<— <«=(1— 4*<)«=sl— 8tt<+»«<a. 

"^^ Takett=3. < = |. ^=1+/=}. 



Or, <=— V- 



y=p2 — 1=H- «= — a?=|f, a^number that will an- 
y 

swer the given conditions. 

Case 3d. To resolve a triple equality. 

EquatioiM In the form of Ax-|-Ay^=*> ^'>^i<H^^*^ ^'' 
€Z'-\'fy^s^y can be resolved thus : 

By expunging y, we find a= —^ — - — 

Then by expungmg ar, y==~rj:ZX"* 

Substituting these values of « and y in the third eqnatkn 
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.«lwe.haU bar. i-f-^^'-H^f)*'^,. ' 

ad — be 

Assume u^dtiz. Then u^z=zt^z^. Put this value of 
•^ in the above, and divide by f^ and we shall have 
{af—hc)z^+de^-cf _s^ 
ad^hc <«' 

The right hand side of this equation is a square, and 
therefore all that is now requisite, is to find such a value of 
% as shall make the other side a square, which when po8si« 
ble, can be done by case 7, section 20. 

After z is found t may be assumed 9f any convenient 
value whatever. Now u is known, and with t and u known 
quantities, we know x and y. 

The preceding are some of the most compr^ensive and 
general methods yet known ; but there are cases in practice 
iriiere no general rules will be so eflf^tual, as the operator's 
own judgment and penetration. 

Much, very much will depehd on skill an,d foresigl^ dis- 
played at the commencement of a problem, by assuming 
convenient expressions to satisfy one or two conditions at 
once, and the remaining conditions can be satisfied by some 
one of the preceding rules. 

Examples. " 

1. It is required to find three numbers in arithmetical 
progression, such, that the sum of every twO of them may 
be a square. 

Let a?, a!w|-y and ar-|-%f represent the nfimbers. 

Then by the general formula, 

2a:+y=^<», 2x+2y==^u^, 2a?-f-3y=r:*». 

By extermmatmg «, we have — o^= — x"-^' 
Continuing thus after die general equations, we find a 
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long and* troublesome process, and in conclusion, we find the 
numbers to be 482, 3362, and 6242. 

The above is according to the common as well as the 
general method. 

TTki following is Mr. Youngs Solution. 

Let X — ^, ar, and x^ represent tiie numbers. Then 
^-.y, 2a?, and 2a7-f-y must be squares. 

Assume 2a?=f»2^|^a^ and y=z2mn. 

Then 2»— i«=sf»« — ^2w»+»*, and 2a:-}-y=*»*+^«+^ 
are evidently squares. It therefore only remains to make 
5^ or m^-\^n^ a square, and this can be done as explamed at 
the close of the last section by assuming m=sr^ — *', and 
nsk^s. Then 2a?t=5i»2+»*=(^* +«')*> an expression in 
•which r &ud ^ can be assumed in numbers. But they must 
be 90 a4suitted that x shall be greater than ^ to make x — y 
the first number, positive and for this reason, we must give 
the literal expressions for the numbers before taking definite 
Talues for rand s. The expressions for the numbers are 
a>— y»i(r»-|.#«)«— 4rf(r«— 5».) ar=: i (r «+««.)« 

Take rss9, »=»!, and 482, 3362, 6242, are the numbers. 

Another Solution, 

A*3 s^^ X'^ 

Let 75— ^jir ^nd 7i-+y be the numbers. 

Then «* — y, «*-|-y, and x' must be squares. 
But the last being a square, we have only to make «*— ^ 
and a^-^-y, squares. 

Assume y=2a? — 1. Then a^ — y=«' — ^^+1? a square^ 
and we now have only to make a!'^-2x — 1, a square. 
Therefore make ««-4-2a>— l=(a?-|-7»)*=a^-f27iar-|-n* 
n«+l 
2(1— «) 
It is manifest that n must be less than one, make it A 

Th«i «--j.»^ Or,;5«^gj. y-j^_^g^. 



^ 489 9968 «e4a ■ . ,, ' 

H«re we haTe the numbera expressed k fractioaf, but 
the denominators are common, and is a square numbery w« 
may therefore mnltipiy all three by 400, and iwe shall Ifiuve 
483,3362,and62^fortkenumbere, as in the other seda- 
tions. 

If we take nss | in this last result, we shall have 2162, 
7442, and 9442 for the numbers. 

2^ Find two numbers such, that if to each, as also to their 
sum, a given square, a' be added, the three sumsi riiall aU 
be squares. 

Let «*-*-a' and ^ — a* represent the numbers : then tli« 
first conditions are satisfied. 

It now remains to make a^-j-^ — ^24*4*^ ^ square, or, 
«^4-y"-— d*sx D . Assume y*— ^*=«2a«4^'. This qssump* 
tion will make the expression a square, whatever be the 
values of either or or a. But the assumed equation givei 
^=2aai-{-2a', and as jf* is a square, we must find tuch values 
of £ and a, as shall make 2a4^4-2a^ a square. Put x=zna, 
Thcn2fia»-4.2i^B=D,or,A*(2n4.2)=D. Henceitissuffident 
that we put 2n-f-'2=ssome square. Therefore, assume 
2?»-)-2=16. Hence nas? and a?s=7a. Now take a equal 
to any number Whateveh If 'as=l\ aj«=7, y=a:4, and 48 
and 15 are the numbers, add 1 to each, and we have 49 and 
16, squares ; sum, 63-|-l=s64, a square. 

3. Find three square numbers whifee sum shall be a 
square. 

Leta:»-|-/+z«=:D. Assume y«=:2rz. Then a^+2r2:+«» 
IS a square. But 2a?z=5 D . Let x=^uz, then 2u3^ss p, or 
2tt= D =16, tt=8, a?=8;?, z=l, x=8, y=4. 

Therefore 64+16+1 =81 ==9». 
, 4 Find three square numbers in arithmetical progression. 

Le( 1^-^) a^; and a;*+y represent the numbers. Assume 
4^ny 3+^, the» the first and bet will be sqoares, nd it^y 



mumBul to mtke the middle term, ^ yM*l) '^ B^vart. 

TJierefore, put y-+i=(y — :p)S which gives y== ^ ^^ *^ ' 

.Trfco|i3=l, then y=:f , and y«+t=3|f ««>. Therefor^ 
i^ If 9 II9 are the numbers ; but we can multiply them eU 
by the seme square number 04, and their arithmetical rebi- 
tjoja vyillnot bechaof^., and they will still be squares; 
hence 1, 2bj and ^ may be the numbers, or 4, lOO^^cusd 10^ 

: 5- Fihd two whole numbers, such that the sum and dif- 
ference of thear aquarcs, when diminished by unity, shaU be 
aaqoarsk .,.:...■. 

\ JM M^tm one vmniber, -and i^rsa the other. Then - by 
Ae oondittont we m\tst make equates of ar'^^^'M^^^ <^ 
jj2 — yij^^tx. * Assume t»i=r*«, and y'tstllax, then the ex^ 
pressions become 2:'-^-2aic-f-a*, and a^ — ^^i!-f-«*, ^Weus 
aquares, whatever be the Values of x and •. Butvthd equa- 
tions ^=za^ and p^s;s2ax must be satisfied. Take ami% 
then a?=8, y=8, and a>-|-l=9. Therefore 9 and 8 are the 
numbeni 

6. Fhid three whole numbers, soch, that if to the square 
of each, the product ef the other two be added, the three sun^ 
Bhall be equases. 

• Let ir, jy, «», be the numbers. Then fey the cohdltldn'sj 
w^-^^yt, x'p^-^x^v, a?*r*-|-2:'y, must be squiresf 'As 
each term contains* a square factor c*, i will be sdffiisieBt to 
make l-^-y»=cC]^y^-:f-rs5:a, find v^'{-y^n. 

Assume ys4v-|-4, and this wili make the first imd hsl 
expressions squares. * Substitute 4bis value of y in the second 
e^pressiax), and we shall ha«ve 16v^^f-83e-f•16, Av^hdcbmuit 
be made a square. Hence put lQi7>+33t-f I63«l(4***^)% 

which reduced gives ^«=-^^^- Take;7=5, then t?=sV 
Now take css^Q, and we have 9, 73, and 328 for the numbers. 

c t r WkA tmm wiuiflMBttntbeBs whoiteisuinr itull 4e%ti ibte 
8 
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gnd cube) and the som of their eqaares kcreoied byUoice 
their tum shall be an integral square. 

Let «-f-y=n', that is some cube. Then x*-f-y»-f-3n*=ar 
D. Put 2£|r=3»', then a?*-^-2ajy-^-y» is a square, whatever 
may be the values of x and y. But « and y must conform 
to the equations x-\-psssn\ and 2^b33»'. Work out the 
^ue of X from these equations, on the supposition that n is 
Imown, and we shall find 2ar=n'-|-^ {»? — 6«'.} 

Now X will be rational, provided we can find such a value 
of » as shall render n' — 6n^ a square, but if we add 9 to 
this, we perceive it must be a square, and we have two 
squares, which differ by 0. Therefore one must be 16, the 
ether 96, as these are the only two integral squares which 
differ by 9. Hence »•— 6»^4.9 = 25. Or, »»— 3x=a 
nfsxSj n«s2, and a?=:6, y=2. 

8. Find three numbers, such that their sums, and also the 
iom ot every two of them, may all be squares. 

Let x^ — 4a?= the first, 4r= second, and 2«-f-l=s third. 
By this notation, all the conditions will be satisfied, except 
the sum of the last two. That is 6r-|*l i^^ust be a square, 
but to have three different whole numbers^ no square will 
answer under 121, the square of 11. Hence put 6a;-|-l;Bl21. 
Or, jrs:20. And the numbers will be 320, 80, and 41. 

9. Find two numbers, such that their difference may be 
equal to the difference of their squares, and the sum of their 
squares shall be a square number* 

Let X imd y be the numbers. Then fl>— |rasar« — ^. 
Divide l^a>— y, and Issar-f-y. Hence a;sssl— ^, and 
flr«4-y« »1— «y4.2y«. Which last expression l^%y^^» 
must be made a square. For this purpose, put 

l_2y4.2y«=(l— «y)a Hence y=:^S^. 

IUbs n any ynim to xendar p less than one in osder to 
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fire X a positive value. Therefore take n=3, and jfam^ 
Consequently :r=sf, answer. 

10. Find three numbers in geometrical progression, such 
that if the mean be added to each of the extremes, the sumi 
in both cases shall be squares. Ana 5, 90, and 80. | 

11. Find three numbers, such, that their product increased 
by unity shall be a square, also the product of any two in* 
creased by unity, shall be a square. Ans. 1, 3, and 8. 

Assume 1 for the first number, and x and y for the other 

1^ Find two numbers, such that if the square of each !>• 
•died to thmf product, the sums shall be both squares. 

Ans. aikll& 

13. Find three integral square numbers in harmcmkal 
proportion. Ans. 25, 49, and 1235. 

14. Find two numbers in the proportion c^ 8 to 15, and 
such that the sum of their squares shall be a square number. 

Ans. 136 and 255. Bonnycastle's answer, 476 and 1080. 

15. Find two numbers such that if each of them be added 
to their product, the sums shall be both square. 

Ans. ^ and f 
The above require no explaaation from i&. 

There are many severe and tedious problems in the Diophan* 
tine Analysis, proposed by Bonnycastle, Young, and othert| 
which require more time and practice than algebraists in 
general ought to give for the advantage derived, as time and 
thought may be better employed in Analytical Qeometryi 
the Calculus, or Astronomy. 
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THE DI0PHANTIN5 ANALYSIS. 

The Diophantine Analyfiis is sometimes useful io solring 
Bumerical Equations, iu whkh squares and cubes are in- 
Tolvedt as tlM following examples will show. 

1. Given y^Ai^^j \ to find one value of ar and y. 
By subtraction, and the transposition of y' we have 

a^+^+y==y' («) 

As the second member of this eqtHUion i/ikAiiuarci, tim^ 
first tami be a square in factj if not in form. 

• But, we perceive, that if we put y=s±x+lf in the "fitet 
member, it will be in a square form. * 

' Put this value of y, in the first equation, and we have 
^-}-a:=6; which gives x=2; hence y=3j values 
which verify both equations. 
\ 
N. B. This method of iteration is Bot general. It; 

only sevyes to resolve particular cases. We might have 
made the first member of equation (a), a square, by putting 
y =3x4-4, or 6a?+9; but the results of these substitution* 
would hot Verify the primitive equations. 

2. Given P**"^^+ 3^"=^^ ^ tofindvaluesof xandy. 

As 4 and 9 are squares, the first members are square in 
fact, though not in form. But we can make the first mem- 
bers square in form, by assuming 

. 2a:* — 3xy=s0, and 3y^— 2xy=s0. 

Theny*=4 and a:*=9, or ya42 and x^2; va- 
lues which verify all the equations. 
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3. Find such integral valoef of tr^ yt and Zf is will verify 
tl^ eqasgticH^ . • • • a:*+y*4-a^=37, 

and ^ /• a"+z*+-fl»=p49. 
If we add 07^ to the first equation, and xz to the second* 
the first members will be square ; and, of course, the second 
members will be square in fact, though not in form. 

We have, then, to make 37+a?y, and 4Q-\^xzy squares, 
^ ki accomplish this. 

Put 37+a:y=49, or a:y=12. . . . . . (1) 

and 49+a:z=64, or ar2r=15 (2) 

12 15' 

From (1), • . a?a»c— ; imtA (2) '• • x^ -^ i 

. y ^ 

». 6y 

• Henee • •*12«»15y, twr, z^-^. . 

4- 

'Take'y=«4, then «=5, and a?=3; values which will 

verify the given equations, 

4. Find such integral values of y and z as shall verify 
the equation • • . . •y*+;»*+y5r=61. 

Add yz to both members, then put 61-f y2r=n«. 

Now if we assume . • * • . . n=8, yjr=3. 

But y2r=3 mrin giv« y^zxa^\ and tfiese two equations 

will not give int^^ valuea ta y and z* Therefera» t^e 

meitf^ thim n^s81» yz^2l^ a»d y-^^z^^. Hene« ,a?=^. 

or 5, and y=5 or 4. 

5. Find such. values of at, and y as will verify the equa- 
tions 0^^+0^=12 (I) 

and .... a? +a;y'=18 (2) 

' 12 

Equation (1) may be put into this form y*=-— — y. . .(3) 

18 
Equation (2) into this y'sa — -l...(4) 

X 

^ The first member of equation (4) is a cube ; therefore 

'18 

, Put . . . • . . -1«8. Whence a?=s»2. 

X 



6. GiToiK 
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x+t;+aV=r41 

A regular solution would result in s rery high snd tedi- 
ous equation ; but if the values are integral^ we can soon 
determine them as follows : 

Take the first equation, and put v+u^s^ and transpose 
8. Then «W=:13 — $; whidi shows that 13 — t must be 
some square^ and if « is positive, the square cannot be 
greater than 9. That is, 18*^^:9 or, *«4. 

Then v+u^4f and vu^3; giving v^l or 3, and 
tissS or 1. By taking uaexl, in ^e second equatbu, we 
find y'^i. With the values already found we ob^in ar, 
from either the third or fourth equations, ^==3, u^^lt 
a?=2, y«4. 

7. Given \ *^— ^^^y^^^ ? to find vdues of « and y. 

Pnt cy^'/) ; transpose^ ^Pm wq have 

4a?»«xl2+2p and 4y««16— Op. 

Now we must find such a value of j9 as shall render the 
second members of these last equations square at the same 
time; which is />=2; this gives 4j:'aB 16, a?=s2* 

8 Gven 5 ^+^y* =6a?y+12 ) to find one value of 
( 3i*+2^=8y — B) X and y. 

This problem is under (Art 110) of both editions. 

Add the equations together, and reduce, and we have 

Pa;*T=y*.+a;Ey+9. 

The first member of this equation is a square; therrforethe 
second member is a square, but to make it a square inybrm, 
as well as in factf we perceive it is only necessary to make 
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m^atZ. Or eall |r'-|-3jry-(-9 a bmomial 8<)iiare, and decide tlie 
Taiue of 9 agreeable to section 8, This gives «as^ the 
answer. 

o niVAti S 3a?*— a?y=a 28> to find the rational values^ 
1^. uiven ^4y.^^y^i605ofa?andy. (Y. 139.) 

Ans. «iszi:4, ys=:db:5. 

There are, and may be equations of the preceding forms. 

which have no rational values, such are not susceptible of 

of this mode of treatment 



Section XXIII. 
Miseellaiuous Examples. 



1. When wheat was 8 shillings a bushel and rye 5, a 
man wished to fill his sack for the money he had in hia 
purse. Now if he bought 16 bushels of wheat and laid out 
the rest of his money in rye, he would want 3 bushels to 
fill the sack: but if he bought 15 bushels of rye, and then 
filled his sack with wheat, he would have 15 shillings lefi' 
How much of each must he purchase to fill his sack, and 
hy out all his money 7 

(Colbum, page 50.) Ana 10 bushels of eack 

Solution by Mr. T. J. Matthews. 

Let «ss the wheat, and y^ the rye. Then it is evident 
that when he buys 15 bushels of wheat he has, too much, as 
he has not money enough left to fill his sack with rye. Now 
15— d; is the excess of the wheat purchased above what he 
ought to have had, and this excess of quantity, multiplied by 
the excess of a bushel of wheat above one of rye, will give 
the deficiency of his money, or equal to 3 boshels of rye at* 
6 shillings. Consequently, 3(15— «)=xl5, or «sslO. 

By similar reasoning, it will appear that when 15 buslrab 
of rye are purebred, he buys too mocli, and the excess it; 
15— y, which multiplied as before, will equal the excess of 
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1m BMMr, Tbc U shiUkigs. Tlierefen 3(16-«9)«Uf 

2. A penon bought two cubical stacks of hay, for £4\; 
each of which cost as many shiliiBgs per soJid yard as there 
were yaidt in a tide of the other, and the greater atood on 
more ground than the lest by 9 square yards. What was 
the price of each 1 (Colbum.) 

Solution by T. J. Matthews. 
Assume 5x, and 4x the sides of the Cubes. 
Then 2&t'— 16«^ss9, by the first condition. 
Therefore, a;=t. 126-4=500. 64*5=r320. 
8 Or, £25. £16, Answer. 

3. Qiven «-f-y~h^==°^ cy=a6 4p;sss:60, to find x^f 
wad z. 

Solution. From the two lauer, ^=10^. Then the first 
becomes «4-lIys=25. Or x»+Ilay=25a?, but from the 2d, 
lla:y=:66. Hence ae'—QSyx^'-Jm. (A) 

Assume 2a=s — 25, thea 6a-|-9=s — 66, and equation (A) 
becomes (a;*-f-2a«-j-a'apa'-j-6a4.9. Or, ir=3,) 

4. Given aP3f=125a?4-300y. And ^—ar« =90000, to find 
« and y. (Young p. H6.) Ans. xas400. y~500. 

Put if^px, then ;>x«=:125r4-300j?x. (1) 
ADAp*y'-^'^(2O0y (2) 

125 
Prom equation (1) ;»= -:^QQff (3) 

/30Q\2 
From equation (2) p» — 1=^ — — 

The right hand tide of this last equation being |i square 
the other side it aka a tquare^ and one accustomed to the 
analysis will perceive \hat p must equal |, to make the ex* 
prettion p^-^asQ. Others can go through the form and 
ikoy wiH iod that fsj, whieh value put in equation (3) 
gives «aB400. 
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' It n iMlinperative that we shoald resort to rtheDiaphan* 
tine to solve tins problem but it is very cmvenient 

6* Find two numbers, such that the fifth power of cme 
may be to the cube of the other, as 972 to 12& 

Ans.6andia 

Let K and nx be the numbers. 
Thenr* : n'x^ : : 972 : 123. Or, ««:*»:: 979 : 126. 
Multiply the first and third terms by X9 x* : n* : : 972a; 
: 125. 

125ir' 

Therefore, 972toc= — -— 

The right hand side of this equation is a cube, thereforei 
072lar= a cube: Or, 27'36x=sa cube. Hence, 36a? must bd 
a cube, which it evidently is, when x^sG, as 36 is the squara 

ore. 

a Given x+y+xy{x+y)+x'y^^86 ? to find j? «m1# 
And xy-^{x+yy+xy{x-\'y)=:97 J»fia»*«w»f- 

Young. 145. Ans. a:=6 y=sl. 
Put (a?-j-y)=« iry=p, then the equations become 

And;^+-i5^f5»=97y 

By addition {g+p)+t^^2sp'\-p' =182. (1) 

Assume dssj-f-jf) then equation (1) becomes 

ClJ+a=182 Hence a=13. Or, j-|^=13. Thaw- 

maining steps are obvious. 

12 

7. Given V^+19=-7==, to find a?. 

144 
a^pmra a4-12=*---jp. Put df-(.5ary. 

144 
Tbmy+T^tf^ Or, ^4-7^=144 

Put2a=T Then 18^81=144. 
; Hence f+2ay+a*=^a'+lSar\Sl 
' l4-«s=fl+9. Or,— fl— 9. 
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a Given ^ («+y){^+l)«18^y. > to fM ir and 

Ans. ar=2zbV3. Or 1±A^2. 

y^l±^J2. Or2=hV3. 

Solution. Take a?+y=5. a?3^-["^=^^"^ ^y=P- 

Thenjf=a8p. (1) And (5»— 2j?)(/«— 2p)=208p». (2) 

Multiply as indicated and take the value of s'f* from 

aquation (1) «nd we have 324j[?^— 2p (5«-}-^')-|-4p»=208p*. 

s^-X-t* si 

By reduction, p=s --Jv— • From equation (1) psa-rg- 

Therefore, ^ ^T^ Assume szssni. 

Then this last equation becomes, by a little rednction, 

5y^=|. Hence «=a Or.I. 

This establishes a relation between x ^ y and xy-{-l« 
Another Solution by Charles E. Matthews. 
. Multiply the original equations as indicated, and 

Divide the first by ;cy, the 2d by a:*y', then 

Assume x4 — sam. AndvH — ==n. 
* a? y 

Then f»-f»=18. And m»+n«=212. 

From which m and n are easily found, afterwards m 
andy. 

0. A square public green is surrounded by a street of uni- 
iorm breadth. The side of the square is 3 rods less than 9 
times the breadth of the street: and the number of square 
rods in the street exceeds the number of rods in the perinie* 
ter of the square by 228. What is the area of the square t 

(Day 307.) Ans.576rodi, 

IOl a maa wishes to purchase a certain number of acres 
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of hmd lor &e money he has at his command. Cleared land 
18 worth 10 dollars per acre; - uncleared land is worth $8.— 
He finds that if he buys 120 acres of cleared land, and lays 
out the rest of his money for that which is not plearedy he 
will not get the quantity of land he wants by 25 acres, but, 
if he buys 220 acres of uncleared land, and then buys a suf- 
ficient number of acres of cleared land to make up the num- 
ber of acres he wants, he will have 4 dollars left. How 
many acres of each must he buy to have the quantity he ^ 
Wishes, and lay out all his money? (Hamey page 203. 
Ans. 20 acres cleared, 218 uncleared. 
N, B, Call to mind problem first of this section. 



In working geometrical problems algebraically much la- 
bor may be saved by paying attention to the relation of the 
given numbers. 

We give the following as illustrative of these remarks. 

1. If the perimiter of a right angled triangle be 720, and 
the perpendicular falling from the right angle on the hy- 
pothenuse be 144 ; what are the lengths of the sides ? 

(Day Alg. p. 305.) Ans. 300, 240 and 180. 

If we use the identical numbers given 144 and 720, as 
nine-tenths of our teachers do, they will give large and tedi- 
ous equations, but if wp compare 144 and 720, we shall 
perceive that one is exactly 6 times the other, and consider- 
ing the nature of similar triangles, we can work on one of 
only 144th of the linear dimensions of the first, or a triangle 
whose perimiter is 5, and perpendicular from the right 
angle 1. 

Solution. Let x and y be the two sides, then 6- a ? y will 
be the h3rpoth0nate^ 

And «^-|-jf^s=s(6 — fl5— y)^ and cy=6 — x — y. 
E^ch member of this last equation expresses the damble 
area of the triangla Put x-^^s. xy^p. 
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Then.«»— %j=:(6— «)^«2&— 10<+«S aii4fs*6— n 

Or, 10* — 2;?=:25 

ADd2« -|-%>x=:lO 



But jsEsr-f-y, the snm of the two sides which, taken 
from 5, or ^hj g^^^To' ^^ ^^® hypothenuse of the small 

25 

triangle, hence ^byl44=s30Q, the hypothenuse of the Uigm 

triangle. 

2. The snm of the two sides of a plane triangle is 1155, 
the perpendicular drawn from the angle included by these 
si4es to the base, is 300 ; the difierence of the s^ments of 
tfee base is 495, what are the length of the three sides ? 
(Day 305.) Ans. 945, 376, 780. 

Write the given members in order, thus 300, 495> 1155. 
Divide them by 15, and their relation is 20, 33, 77. • 

The two latter numbers have a common factor 11, which 
call a. Put i=20. 

Then the three given lines will be 3, da, and 7a, Let «=« 
the less side. 7a — a:=the greater side, y:?=the shorter s^ 
roent, and y-|-3a=the longer segment of the base. 

Theny^-\-b^=^x^. (1 

Andy^+6ay-\-9a^'\-b^=49a^—Uax-^xK (2) 

Subtract (1) from (2), drop 9a^ from both sides^ and di 
vide by 2a, and dy:^ab — Ix. (3) 

Wc write 2b in place of 40, after dropping 9a*. 

From the square of (3) subtract 9 times, equation (1,) and 
we h^ve — 9&»=««i3— 14 abx-^-^bi*. 

Divide by b, afterwards by 2, recollecting that &sb20^ and 
we have — ^90=10ai» — 7/m:4-^». 

iJA ^, totK>th ifld«9 to Complete th^ square. 



MISCeLLANBOUS 'EXAMPLES. '}26 

Eztraol square root^*dss ^ — «, 

Or,a:=25. Then 26.15=375. 

3. Divide the number 74 into two such parts that the 
difference of the square roots of the parts may be 2. ^ 

Ans. 25 and 49. 

Let a? — 1, and ar-}-l be the square roots, o[ the- two parts. 
This problem can dso be solved by ^ Diopbantine analysis. 

4 Given a^-|-^=^ ^'^^ — I — "^^j *^ ^® solved by the 

Diopbantine analysis. Ans. m^6* i^2, 

5. Given a?'-f-y'=45 an4 (d?4-y)^^54 to fi^[id x and y by 
the Diopbantine analysis. Ans. ^=6. y=3. 

The two preceding should also be worked by common 
algebra. 

6. . A and B traveled on the same road, and at the same 
rate, from Huntingdon to London. . At the 50th mile stone 
from London, A overtook a drove of Geese, which were 
proceeding at the rate of 3 miles in 2 hours, he afterwards met 
a stage wagon, which was moving at the rate of 9 miles in 
4 hour^ B overtook the same drove of Geese at the 45th 
mile stone, and met the same stage wagon exactly forty mi- 
nutes before he came to the 31st mfle stone. Where was B 
when A reached London ? 

Solution. Let ar= miles traveled by each per hour, and 
|r=s distance B was behind A, then 50 — 2a:=? the 4istABce 
from London where A met the wagon. 

AjUo,^~^^j-*j-^as time elapsed betvTeeD the meetiBf- 

9v 
of the wagon with A and B, therefore j -^to"" distance ti»* 

mled by the wagon during this time, consequently 

50 — ^2r-]-j^^=sdistance of the wagon from London,wl^eA 
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met by B. But this distance is also 3=31-}-^ therefore 

whence 3y-\'l&=il0x and y= — = — , substituting and 

o 

reducing, we get the quadratic 

, 123* 378 „^ -, . 

«• 1^^- « ^. Whence ar=9, consequently jf s2& 

7. Given «»-|-ay=77, and «y-— y*s=12, to find « and y, 
by the Diophantine analysis. Ans. xsx7. yss4. 

8. Three equal circles touch each other externally, and 
enclose between the points of contact a acres of ground, 
what are the radii of the circles ? 

9. A person has £217 6s, in guineas and crown pieces, out of 
which he pays a debt of £14 17s,, and finds that he has ex- 
actly as many guineas left as he has paid crowns away ; 
and as many crowns as he has paid away guineas ] how 
many of each had he at first 7 

Ans. 9 crowns paid away ; 12 guineas paid away. 
Suppose arae the guineas paid away. * 

And ^= the crowns paid away. 
Then 21a?+5y=297= amount paid out f ^^ ^„^u^ 
And bx 4.21y=249= amount on hand ] ^ qa«">n- 
Add these equations and divide by 26,^ 6lc, 

10. The sum of three numbers in harmonical proportion is 
191, and the product of the first and third is 4032. What 
are the numbers 9 Ans. 72, 63, 66. 

11. Is it possible to pay i650by means of guineas and 
three shilling piecei only. Ans. Impossible. 

12. A merchant drew every year upon the stock he had ia 
trade, the sum of a dollars for the expense of his family. 

His profits each year, were the nth part of what remain* 
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ed after this recUictioD»*but at the end of the dd year he finds 
his stock exhausto4 » bow much had he at the beginning ; 

a(3n«+3n+l) 

^- in+iy • 

10. Given \ V(5V-+5Vy)+Vf+Vy«10 V to find 

I , And a:^+y^=275ia:andy. 

Put ^(6^a:+6^y)=sn. Then the first equation becomes 

-^ -{-«*= JOw Which equation gives n=s5. 

Whence 1/0:+ ^y =5. 

From this last and the 2d equation, we find «=9, and 

y=4. 

The folk>wing are from Bland's Problems, and involve 

equations only of the second degree. They are too severe 

for learners, but we are tempted to leave one or two of them, 

without solution, for the benefit of those who deem keys 

unnecessary. More of like character might be given. 

4 8 7 

OP -*•- = . Ans. a;=16 or 1. 

a? Va?~2 

Ans. x^ss\a or -—a. 
a?+(8y»— ll+2ar)*-=7+2y-y« ; 

1 ap+y 

' (3y — ar+7 y = . Ans. «=.4, y=s2» 

Double th« first equation, transpose --^y*, and snbtract 11 
from both members, then we have . ... 

2y»+2a>--l l+2(3y^--l 1 +2x)*«3+4y. 
Add y* to both members, and conceive the terms in tho tin- 
culum tobe P; then 

P'+2P=3+4y+^; 
Or. p+i=*2+y. 



Its ' KST TO Atmpnk. 

By re«torit!g iStte traluc of P, and reducing, ve have 
a:=6+y---y*. Put this in HOr^ e^, &c 

4. Given a?^— 4a«4a?*y — ij^y x 

mi oA^^x^y^(x^'^^y to find x a»d f . 

Ans. ikjsal, y=4. 

Put >'=P, y =Q, and we have 

p4Q?^^«4PQ»-^Q\ . - . . . f . •{!) 
P«_3 =PQ(P— Q), ..,...*.• (2) 

Now put P=nQ, and eq, (1^ bocomes 
(4n*+l)Q«— 16»Q«=18b 
Concdve n to be a known qoantity, then ^ last equ»* 
4m is quadratio, and a solution gives 

4(gn«+2n+l) 4 4 __ ' 

^ 4n^+l 2n«— 2n+i 5&i«--2n+2— i' 

But from (2), Q^^-^ ^ ^ 



Put the two values of Q* equal, and piU n^'^n'^ I =R, (3) 
•T''™ 2^*^- . Whence 2„-i?^ . . . . : (4) 
But from (3), resdved as a quadratipi • , 



2n«=ld=V*B.,*a / • (5) 

fron^ (4) and (6), 2Bdt2B74R-^==6R— 3 ; 

: Or .... * . d=2B^4B— 3«4B.^-aL 

Put ^4R-^S±s=S, 

Then .S^drflRS^O, Or, S(Sde2R)at^0. 
'^ This'lMt^uatibn may be Terifiedby taking either factor 
equal to zero ; and as the first factor bnly gives aratiohal 
quantity, we take that which gives fe=J. 

By retracing, we easily faid x and yJ 



% 1 



/-^«i^ 



VB 359C9 




961660 

R6o 



pr / 



..f 



THE UNIVERSITY OF CALIFORNIA UBRARY 




